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Abstract 

We investigate the geometric, algebraic and homologic structures re- 
lated with Poisson structure on a smooth manifold. Introduce a noncom- 
mutative foundations of these structures for a Poisson algebra. Introduce 
and investigate noncommutative Bott connection on a foliated man- 
ifold using the algebraic definition of submanifold and quotient manifold. 
Develop an algebraic construction for the reduction of a degenerated Pois- 
son algebra. 
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1 Distributions on C°° - Class Manifolds: Gen- 
eral Overview 

In this section we give a brief overview of some definitions and facts concerning 
the distributions on C°° - class manifold. We consider not only regular distri- 
butions (i.e., the distributions with a constant rank), but singular distributions 
too (i.e., the distributions the rank of which varies from point to point). 

For any vector space V and fc G N, we denote by Grk{V) the Grassmann 
manifold of fc-dimensional vector subspaccs of the vector space V. 

Definition 1 Let M be a (T° - class manifold and tt : E — > M be a vector 
fiber bundle. The fiber bundle Wk ■ Grk{E) — > M is called the Grassmanization 

of the fiber bundle tt : E — > M , or the Grassmanian fiber bundle corresponding 
to IT : E — > M , if for each point xq € M its fiber 'k~^{xo) is the Grassmann 
manifold of k- dimensional subspaces of the vector space 7r~^(a;o). 

Let T : T(M) — > M be the tangent vector bundle over the manifold M. 

Definition 2 For an integer number k such that \ < k < n, where n = 
dim(M), a k-dimensional distribution D, on the manifold, M , is a correspon- 
dence X ^ D{x), where x £ M and D(x) is a k-dimensional subspace of the 
tangent space Tx{M). 

Consider the Grassmanization of the tangent bundle over the manifold M 

Tk ■■ Grk{T{M))^M 

A k-dimensional distribution D, can be considered as a section of this fiber 
bundle: 

M^x ^ D{x) e Grfe(T^(M)) 

The distribution D is said to be a C°° - class, or smooth distribution, if D is a 
- class section. 

Definition 3 A smooth distribution D is called involutive, if for any two 

smooth vector fields X and Y on the manifold M , such that for each x <E M the 
vectors X[x) and Y[x) are elements of the vector space D(x), their commutator 
[X, Y] is also such that for each x G M the vector [X, Y] (x) is an element of 
the vector space D{x). 

Definition 4 A submanifold N of the manifold M is said to be an integral 
submanifold for a given distribution D on M if for each point x G N, we have 
that T,{N) = D{x). 

A distribution D on the manifold M is said to be integrable if for each point 
X € M there exists an integral submanifold N for the distribution D, such that 
X eN. 
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The Frobenius' classical theorem states that, a C°° - class distribution D on a 
C°° - class manifold is integrable if and only if D is involutive. Moreover, if 
the distribution D is involutive, then for each point xo G M , there exists its 
neighborhood U and a coordinate system 

ui, U2, . . . , M„ : U — > R 

such that the level submanifolds 

Ui ~ const, « = fc + 1, . . . , n 

are the integral submanifolds of the distribution D. Moreover: if is a con- 
nected integral submanifold, such that N C U, then N is inside of one of these 
level submanifolds. 

E. Cartan's formalism gives a different approach to the local properties of 
distributions. This formalism is more general, and is designed for studying the 
geometric properties of not only distributions, but also higher-order differential 
equations (see, for example and [3^). 

Definition 5 (Cartan distribution) For any point V E Gri,{T{M)), let 

Ky ^ {ir,nV)y\v) 
be the subspace of the vector space Tv{Grk{T{M))) where 

(TkYiV) : Tv(GrK(T(M))) T^(M) 
is the differential of the projection mapping 

n ■■ Grk{T{M)) M 

at the point V , and x = Tfc(T^). 
The distribution 

Grk{T{M)) 3V ^ Kvd Tv{Grk{T{M))) 

is called the Cartan distribution on the Graasmanization of the tangent bun- 
dle T{M). 

As the fiber of the fiber bundle Tfe : Grfe(T(Af)) — > A4 is the Grassmann 
manifold with dimension equal to k{n — k), the dimension of the total space 
GrA;(T(Af)) is equal ton + k{n - k) 

Lemma 1 For each W G Grk{T{M)) the dimension of the subspace K\y , cor- 
respondent to the Cartan distribution at the point W is equal to k{n — k -\- I) . 

Proof. Let Vw be the vertical tangent space of the Grassmannian fiber bundle 

Tk ■■ Grfe(T(M)) M 
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at the point W € GTk{Tx{M)). We have the foUowing exact sequence 

^Vw ^ ''"^^ W (1) 

from which follows that dim(i^vi^) = dim(VV) + dim(VF). The space Vw is the 
tangent space of the Grassmann manifold G'Ck{^x{M)) at the point W , and as 
it is well-known, is isomorphic to the space Hom(W, Tx{M)/W) . Therefore, 
we have that 

dim {Kw) = dim {Hom{W,TxiM)/W)) + dim (W) = k{n - k + 1) 

□ 

Let X, Y and Z be finite-dimensional real vector spaces and the following 
is an exact sequence of linear mappings 

— > Hom{Z, X) Y ^ Z — > (2) 

Any splitting, s : Z — > Y , of this exact sequence defines an antisymmetric, 
bilinear form ( • , • )s on the vector space Y , which takes its values in the vector 
space X: 

(x , y)s = {x - (s7r)(x)) (niy)) - {y ~ (s7r)(y)) (7r(x)) (3) 
for any x,y ^Y . 

A subspace L C 5^ is called isotropic for the bilinear form ( ■ , • )s, if ( ?/i , 2/2 )s = 
for every pair (2/1,^2) & Y xY. 

Lemma 2 If si : Z — > Y and S2 ■ Z — *■ Y are two splittings of the exact 
sequence such that the subspace Image(si) is isotropic for the bilinear form 
( • , • )s2 ; then the subspace Image(s2) is isotropic for the bilinear form ( • , ■)s-^ 
and the two bilinear forms ( • , ■)s2 o,nd ( • , ■)si, coincide. 

Proof. Any splitting s : Z — > Y defines an isomorphism 

Y ^ Z X Hom{Z, X) 

and the bilinear form ( • , • )s on the space Y is the pull-back of the bilinear form 
( ■ , • ) on the space Z x Hom(^Z, X), which is defined as 

((u,a) , {v,(3) ) = a{v) ~ I3{u) 

Any subspace Z' d Z x Hom(^Z, AT), which is a complement of the subspace 
{0} X Hom(^Z, a) can be given as 

z'^{{z,f{z))\zez} 

where / : Z — > Hom(Z, X) is a linear mapping. 

For any two elements (zi,/(2;i)) and (z2,/(z2)) from the subspace Z' we have 

( (Zi, /(Zi)) , (Z2, /(^2)) ) = f{zi) iz2) - f{z2) (zi) 
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Therefore, the subspace Z' is isotropic if and only if 

/(^l)(^2)=/(^2)(^l) 

for every z\ and Z2 from the space Z' . 

Any element (z, a) G Z x Hom(^Z, can be represented as 

(z,/(z)) + (0,a-/(z)) 

where G Z' and (0,a — /(z)) G Hom(^Z, X). Therefore, the bilinear 

form defined by the subspace Z' is 

( (zi, a) , (Z2, /?) )z' = (a - /(2i)) (Z2) - (/3 - /(zs)) (zi) = 

= ( (Zi, a) , (Z2, /3) ) - (/(Zi) (Z2) - /(Z2) (zi)) . 

which shows that, the bilinear forms ( ■ , ■)z' and ( ■ , • ) are equal if and only if 
the subspace Z' is an isotropic subspace for the bilinear form (•,■). □ 

Let us introduce the following fiber bundles over the total space of the Grass- 
manization Grfe(T(Af)): 

ttq : Q — > Grfe(T(M)) be the canonical fiber bundle over the Grassmanniza- 
tion of the tangent bundle T(M). That is: the fiber of the bundle ttq at a point 
W G Grfe(Tj.(M)) is the vector space W; 

ttk '■ K — > Grfc(T(M)) be the fiber bundle corresponding to the Cartan distri- 
bution (see Definition ^) on the manifold Grfe(T(M)). That is: the fiber at a 
point W G Grfc(Ta;(M)) is the Cartan subspace Kw\ 

TTx : T — > Grfc(T(M)) be the fiber bundle of the vertical subspaces for the 
Grassmannian fiber bundle Tfe : Grfe(T(Af)) — > M. The fiber at a point 
W G Grfc(T(M)) is the tangent space of the fiber Grfc(T:r(M)), where W is 
a subspace of the space Ta;(M) (as it was mentioned early, this space is isomor- 
phic to the space Hom{W, T^{M)/W) ). 

We have the following exact sequence of the fiber bundles over the manifold 
Grfe(T(M)) 

— > e ^ K T — > 

where denotes here the trivial fiber bundle with the fibers equal to {0}. 

In other words, for any x G M and W G Grk{Tx{M)), we have the following 
exact sequence (see |l|) 

— y Hom{W, T^{M)/W) A Kw '^''"^^ W — > (4) 

For any fixed a; G M and W G Grj.(T^(Af)) consider a submanifold N C M, 
such that X ^ N and T^(A^) — W. The submanifold N defines a section (Gauss 
mapping) 

gN-.N -^GTk{T{M))\N 

where by Grfe(T(M))|Ar we denote the restriction of the Grassmann fiber bundle 
to the submanifold N: 

gN{x)=T,{N) c T,(M) 
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The Gauss mapping gjv induces a mapping sn '■ W — > Kw which is a sphtting 
of the exact sequence ^ and is defined as 

for any G W = Tx{N). On the other side, this sphtting defines a bihnear form 
( • , • )Ar on the vector space Kw (see the formula]^), with values in the quotient 
space Tx{M)/W. 

Lemma 3 The bilinear form {■ , ■)n is independent of the choice of the sub- 
manifold N; i.e., if N' is another submanifold of the manifold M, such that 
X d N' and T,j,{N') — W, then the bilinear forms (•, ■ )jv' and (■, • )jv are 
equal. 

Proof. As it follows from the Lemma ^, it is sufficient to prove that the space 
Image(g^ (a;)) is isotropic subspace of the space Kw, for the bilinear form 

Using a local linearization of the situation, it is sufficient to consider the 
case when N — F and M — F x E, where F and E are finite-dimensional real 
vector spaces, and 

N, = {(t,/(i)) I t G F, X = (0,0) and /(O) = /'(O) = 0} 

In this case we have that the total space of the Grassmannian fiber bundle is 

Grfc(T(M)) ^ F X E X GvkiF X E) 

the subspace i^Fx{o} of the vector space T(o^o,f)(^ x E x Grk{F x Ej), cor- 
responding to the Cartan distribution, is isomorphic to the vector space F x 
Hom{F , E), and the bilinear form on X^xfoji corresponding to the submani- 
fold F X {0} is 

((6,ai), (6,a2))F = ai(6)-a2(6) 
The Gauss mapping corresponding to the submanifold iVi is 

5iv.(^) = {(e, /'(^)(0) UeF} 

The corresponding splitting at the point (0, 0) G A^i 

SN, ■■ F — * F X Hom{F, E) 

is defined as 

for any ^ F. The image of this mapping is isotropic because the bilinear 
mapping /"(O) : F x F — > E, corresponding to the second derivation is always 
symmetric. □ 

Let the fiber bundle 

f,*(T(M)) ^Gr,(T(M)) 
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be the pull-back of the tangent bundle of the manifold M to the total space of 
the Grassmannization of the tangent bundle. Consider the fiber bundle 



i=e :e^Grfe(T(M)) 

which is the quotient of the fiber bundle 7),*(T(M)) — > Grfc(T(M)) by the 
canonical fiber bundle ttq : Q — > Grfe(T(M)) over the total space of the 
Grassmanization of the tangent bundle; i.e., the fiber of the bundle Tre at a 
point W e Grk{Tx{M)) is the quotient space Tx{M)/W . Keeping in mind 
the Lemma we can state that on the fiber bundle which corresponds to the 
Cartan distribution, there is a canonical bilinear form with values in the fiber 
bundle *e : — > Grfe(T(A/)) 

(•, •) : K®K > e 

Let D : M — > Grfc(T(M)) be a smooth distribution on the manifold M. It is 
clear that for each point x G Af, the mapping 

D'{x) : T,(Af) —> Tp(,)(Grfc(T(M))) 

carries the subspace D{x) C Ta;(Af) into the space -/^^(a;) which is the subspace 
correspondent to the Cartan distribution, at the point D{x) G Gri.(T(M)). 

Theorem 1 The distribution D : M — > Grk{T{M)) is integrable ij and only 
if, for each point x G M , the subspace D' {x){D{x)) C -R'_d(j;) is isotropic for the 
bilinear form {■,■): Kd^^) x Kd(x) — ' Tx{M)/D{x) 

Proof. For a given distribution D : M — > Grfe(T(Af)) consider the following 
bilinear mapping of the fiber bundles 

a: DOD — > T{M)/D 

where, for each x G M, the mapping 

ax : D{x) X D{x) — > Tx{M)/D{x) 

is defined as ax{u, v) = q{[u,v\), where u and v are vector fields on the manifold 
M, such that {u, v} C D, u{x) — u, v{x) = v and the mapping 

q : TxiM) Tx{M)/D{x) 

is the natural quotient mapping. 

The bilinear form ax is defined correctly, i.e., the value (/([m,?;]) is independent 
of the choice of the extensions u and v. To check this, consider a vector field r, 
on the manifold M, such that t Q D and t{x) = 0. Let {Di, . . . , Dk} be a local 
basis of the distribution D, and t — fiDi, where ipi, i — 1, . . . , fc are C°° - 

i 

class functions. 
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For any vector field ^ G D, we have the following 

i 

= J:ux)[D,,^]+J:a(t>^){x)D,ix) e D{x) ^ 




Using the linearization, introduced in the proof of Lemma it is easy to see 
that the pull-back of the bilinear form ( • , • ) by the mapping 

D : M ^ Grfe(T(Af)) 

on the subspaces D{x) C "Tx{M) coincides with the form ax, i.e., for any u and 
V e D{x) we have that 

= {D\x){u),D'{x){v)) 

After this, the statement of the theorem is equivalent to the Frobenius classical 
theorem about the integrability of distributions. □ 

Let V^{M), A: = 1, . . . , oo, be the space of antisymmetric, covariant tensor 
fields on the manifold M, and Vl^{M), k = 1, . . . , oo, be the space of differential 
/c-forms on the manifold M. Also, we put that V°{M) = n°(M) = C°°(M). 

If D is a submodule of the C°°(M)-module V^{M), then for any point 
X £ M, we have a subspace of the tangent space of the manifold M at the 
point X, generated by the set of vectors {^(2:) I G D} denoted by D{x). 
Also, any vector field ^ e V^{M), such that £_{x) G D{x) for aU x & M, 
is an element of the submodule D. In the case when the dimensions of the 
subspaces D{x) C Tx{M), x & M are equal to each other, we have the structure 
referred as distribution, but in some cases the subspaces D{x) C Tx{M), x £ M 
have different dimensions. In this case, the mapping x i— > D{x) is referred as a 
singular distribution. 

There is an analogue of the Frobenius theorem for singular distributions (see 
[p5|) which states that the distribution D (singular or regular) is integrable if 
and only if D is involutive and for any vector field ^ G D, the dimensions of the 
subspaces D{x) C Tx{M) are constant along the integral paths of the vector 
field e 
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2 Derivation Based Noncommutative Differen- 
tial Calculus 

In noncommutative geometry, the commutative algebra of smooth functions on 
a smooth manifold is replaced by an abstract algebra, which, in general, can 
be noncommutative (see, for example jo), (ij]). The definitions of the classical 
geometric objects are translated on the language of the commutative algebra 
of the smooth functions and than they are generalized to the abstract algebra. 
In this section, we review the definitions and some facts about diff-geometrical 
objects on the language of the noncommutative differential geometry. 

2.1 Noncommutative Differential Forms. 

Let A be an associative algebra over the field of real or complex numbers. The 
space of derivations of the algebra A is the set of such linear mappings 

X -.A — >A 

that for each a,b ^ A: 

X{ab) = X{a)b + aX{b) 

It is clear that the space Der{A) is a Lie algebra and if the algebra A is com- 
mutative, then Der{A) is an A-module. Generally, the space Der{A) is a Z{A)- 
module, where Z{A) denotes the center of the algebra A. 

There are two noncommutative generalizations of the graded differential al- 
gebra of differential forms (sec [Q, jl^). The first one is Cz(A){Der{A), A), 
which is the graded algebra of antisymmetric Z(A)-multilincar mappings from 
Der{A) to A. We put that 

CO(^)(i?er(^),A)=A 

The differential operator 

d : C-^^^{Der{A),A) C-+l^{Der{A), A) 

is defined by the well-known Koszul formula: for any oj S C''^i^j^j(Der{A), A) 
and Xi,. . . , Xn+i G Der{A) let 

(dw)(Xi,...,X„+i) = 

+ El<.<,<„+l(-ir+^'^([^.,^.i ■■■,X^,■■■,XJ,■■ ■,Xn+l) 

We denote the space Cz{A)iDer{A), A) by flziA). 

The second generalization of the differential forms over the algebra A is 
the smallest differential graded subalgebra of the algebra flziA) containing the 
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algebra A. Wc denote this algebra simply by n{A). Each element lo G r2(A) 
can be expressed as a finite sum of the elements of the type aodai • • • da„, where 
da G 0,^{A) is the one form defined as: 

(da)(X) =X{a), for every X e Der{A). 

The multiplication operation in the space Q{A) is same as in the space flziA). 

There is a generalization of the classical operator of the inner derivation 
ix : i^zi^) — > ^z'^\A) for any X G Der{A), defined as 

{ixUJ)iXl,...,X„-l)=LJ{X,Xu...,Xr^-l) for wgOK^) 
and 

ix{a) = for any a E 

The subalgebra Q{A) is invariant under the action of the operator ix- 

We shall also use, the noncommutative generalization of the classical Lie 
derivation operator: Lx ■ ft"" {A) — > ft" (A), defined as 

Lx = ix ° ^ + do ix 
2.2 Noncommutative Submanifold. 

Let A'' be a closed submanifold of a smooth compact manifold M. We have the 
following exact sequence of the commutative algebras 

— > liN) ^ C°°{M) C°^{N) — > 

where r : C°°(M) — > C°°{N) is the restriction mapping and I{N) is the ideal 
in the algebra C°° (M) consisting of functions vanishing on the submanifold N. 

Let V^{M) be the subspace of V^{M) consisting of such vector fields X on 
the manifold M, that X{I{N)) C I{N). It is clear that if X G V^{M), then 
the restriction of X to the submanifold N is tangent to N, and vice versa: any 
vector field ^ e V^{N) can be extended to a vector field X G V^{M), such that 
X\n = ^. Therefore, the restriction mapping 

r : V^{M) V\N) 

is a surjective mapping. The kernel of this mapping is the set of vector fields 
on the manifold M vanishing on the submanifold N. In other words 

{X G kernel(r)) <^ (X(C°°(M)) c I{N)). 

Denote the space kernel(r) by V^{M)o. Hence, we have the following exact 
sequence of a Lie algebra homomorphisms 

V^{M)o ^ l4(M) ^ V\N) 

To translate these structures on the language of the noncommutative geometry, 
consider an associative real or complex algebra A. Let / be an ideal in the 
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algebra A. Denote by Si the quotient algebra A/ 1 and q : A — > Sj be the 
natural quotient mapping. 

Consider the following Lie subalgebras in Der(A): 

Deri{A) = {X G Der{A) \ X{I) C /} 

Deri{A)a {X G Der{A) \ X{A) C / } 

It is clear that the Lie algebra I?er/(A)o is an ideal in the Lie algebra Deri{A). 
There is a mapping r/ : Deri[A) — > Der{Si), defined as 

ri{X)iq{a)) = q{X{a)) (5) 

for each a € A and X G Derj(A). This mapping is the noncommutative ana- 
logue of the restriction mapping Vj^{M) — > V^{N), which assigns to a vector 
field on the manifold M, tangent to the submanifold N, its restriction to N. 
The kernel of this mapping is exactly the Lie algebra Derj{A)Q. 



Definition 6 (see |43|) The quotient algebra Sj ~ A/I is called a submani- 



fold algebra of the algebra A if the mapping 

n : Deri{A) — > Der{Si) 

is surjective. The ideal I in the algebra A is called the constraint ideal for the 
submanifold. 

Hence, if the quotient algebra Sj is a submanifold algebra, we have the following 
exact sequence of Lie algebra homomorphisms 

— > Deri{A)o Derj{A) — > Der{A/I) — > 
2.3 Noncommutative Quotient Manifold. 

As before, let A be a real or complex associative algebra and B be its subalgebra. 



Consider the following Lie subalgebras of the Lie algebra Der{A) (see |43 ): 
Qb = {X e Der{A) \ X{B) C B} 

Vb = {XeDer{A)\ X{B)^0}. 

The subalgebra Vb is an ideal in the Lie algebra Qb, i.e., [Vb, Qb] C Vb- We 
have a natural restriction mapping 

rB ■■ Qb Der{B) 

which is a Lie algebra homomorphism, and the kernel of this mapping is exactly 
the Lie algebra Vb- 



Definition 7 (see |43|) The subalgebra B of the algebra A is called a quotient 



manifold algebra of A, if the following conditions are true: 
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(ql) Z{B) = BnZ{A) 



(q2) Der{B) ^ Qb/Vb 

(q3) B = {a&A\ X{a) = 0, VX e Vb} 

Notice, that the condition (ql) is always true if the algebra A is commutative, 

and the condition (q2) is equivalent to the restriction mapping vb '■ Qb — > 
Der{B) be surjective. In the latter case we have the following short exact 
sequence 

^ Vb ^ Qb ^ Der{B) (6) 

2.4 Noncommutative Connection and Curvature. 

A bimodule F over the associative real or complex algebra A, is called a central 
bimodule over the algebra A, if F is also a module over the center of the algebra 
A; i.e., for each s € F and each a G Z{A), where Z{A) is the center of A, we 
have that as = sa. 

Let a Z{A)-modu\e L be a Lie algebra, and we have a Lie algebra representa- 
tion of L in the Lie algebra of derivations Der{A), which is also a Z{A)-modu\e 
homomorphism. Let for any z e Z{A) and X,Y lE L, wc have that 

[X,z-Y] = X{z)-Y + z-[X,Y] (7) 



Definition 8 A connection for a pair {L, F), where L and F are the same as 
above, is a mapping 

X ^ Vx 

where X & L and Vx is a linear operator 

Vx ■■ r ^ r 

satisfying the following conditions: 

(cl) for any z £ Z{A), a,b G A and s G F; 

V^,.x){s) = z-Vx{s) 

(c2) Vx(a ■s-b)= X{a) ■ s ■ b + a ■ {V x{s)) -b + a-s-Xib) 

The mapping V : L — > Hom(r,T) , is not necessarily a Lie algebra homomor- 
phism. For any X,Y G L, the mapping 

R{X,Y) : F — > T 
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which measures its deviation from being a homomorphism of Lie algebras is 
called the curvature of the connection V (see More explicitly, for any 

X, F e L we have that 

R{X,Y) - [Vx, Vy]-V[x.y] 

The mapping R{X, Y) : T — > T is an yl-bimodulc endomorphism, for any 
X,Y eL. 

2.5 Connection Compatible with Group Action. 

For any subalgebra B C A, the algebra A is a central bimodule over the algebra 
B. Let i? is a quotient manifold algebra in the algebra A and 

s : Der{B) Qb 

be a splitting of the exact sequence ^ which is a homomorphism of the Z{B)- 
modules, but not necessarily a Lie algebra homomorphism. Such splitting de- 
fines a connection for the pair {Der{B) , A) (see ^^): for any X e Der{B), let 
the mapping Vx ■ A — > A be Vjc(a) ~ s{X){a), for any a £ A. 

The curvature of this connection is exactly the deviation os the mapping s 
from being a Lie algebra homomorphism: 

RviX,Y) = [s{X),siY)]-s{[X, Y]). 

Let M be a smooth manifold and G be a Lie group which acts on the manifold 
M. Let A be the algebra of smooth hmctions on the manifold M and B be 
the subalgebra of the algebra A, consisting of the functions invariant under the 
action of the group G. If this action is such that the quotient space M/G is a 
smooth manifold, then the subalgebra i? is a quotient manifold algebra of A; 
i.e., for any vector field X on the manifold M/G, exists a vector field Y on 
the manifold M, such that q'{Y) = X, where q : M — s- M/G is the quotient 
mapping. As the mapping q is surjective, the mapping 

q'{x) : T,(A/) T,(,)(Af/G) 

is also surjective for any point x e M. If the quotient space M/G is a manifold, 
the vector field F is a section of the subbundle of the tangent bundle T(M), 
the fiber of which at a point x € M is the space q'{x)~^{X{q{x))). 
Let g be the Lie algebra of the Lie group G, and the mapping 

o : g — > Der{A) 

be the natural Lie algebra homomorphism induced by the action of the group 
G on the manifold M; i.e., for any x e M and u ^ g, let 

o{u) = 4>'{l,x){u,Q), 

where (j) : G x M — > M is the mapping defining the group action. The Lie 
algebra Vb is the submodule in the A-module Der{A) generated by the subspace 
Image(o), and the subalgebra Qb is the maximal subspace of Der{A) such that 
[lmage(o),Qs] C Vb (or, equivalently: [Vb , Qb] C Vb). 
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Definition 9 A connection compatible witli the action of the Lie group G, is 

a splitting s : Der{B) — > Qb of Z{B) -modules, such that for any X £ Der(B) 
and u e g, we have that [o{u) , s{x) ] — 0. 

Now, let us translate this construction on the language of the noncommutative 
geometry. 

The group action on a manifold can be generalized as a Lie subalgebra 
g C Der{A). The submodule of the vertical vector fields corresponding to 
this action can be described as the ^-submodule C Der{A) generated by 
g. Let be the subalgebra of the algebra A, such that, for any b G B^ 
and V : v{b) = 0. Let be the maximal subspace of Der{A) such that 

[V^ , ] C . It is clear that is a Lie subalgebra of the Lie algebra Der{A) 
and is a module over Z{B^). Recall that Vb9 is such subspace of Der{A) that 
Vb9{B9) = {0}, and Qs., is such that Qbs{B3) ^ b. 

Lemma 4 The space is a subspace of the space Qbs ■ 

Proof. For any ^ e Q^, foe B^ and w e 1/^ we have the following: 

ey 

therefore: ^(&) e B. □ 

It is clear that C Vbs but in general, these two Lie algebras are not 
identical. 

Proposition 1 IfV^^ Vbs then Qs = Qbh . 

Proof. We have already proved that is always a subspace oi Qbs- Now the 
task is to prove that if = Vbs then Qbs is a subspace of the space Q^ . It is 
equivalent to [V^,Qbs] C V^ . But if V^ = Vbs this statement is the same as 
V^ be a Lie ideal in the Lie algebra Qbs, which follows from the fact that V^ 
is a kernel of the Lie algebra homomorphism 

TBS : Qbs — > Der{Bg) 

(see the short exact sequence ^ . □ 

Definition 10 In the case when V^ = Vbs , and the subalgebra B^ in the al- 
gebra A is a quotient manifold subalgebra, a connection compatible with the Lie 
subalgebra g C Der{A) is a splitting 

s : Der(B^) > Q» 

such that [g, s(x)] = for any x £ Der{B^). 
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2.6 Noncommutative Distribution. Integral Manifold and 
Bott Connection. 

Further, any submodule of the Z(^)-module Der{A), where A is an associative 
complex or real algebra, we call a distribution. If a distribution 13 is a Lie subal- 
gebra of the Lie algebra Der{A), it will be said to be an involutive distribution. 

Definition 11 Let I be an ideal in the algebra A, such that the quotient algebra 
Si ~ A/I is a submanifold algebra (see Definition The quotient algebra 
Si is said to be a integral submanifold algebra for the distribution D, if D 
is is a subalgebra of the Lie algebra Deri(A) and ri{D) = Der[Si), where 
ri : Deri[A) — > Der{Si) is defined by the formula |^. 

In other words, if the "submanifold" A/ 1 is integral for the distribution D, then 
for each X e D, we have that X{I) C /; and any "vector field" Y G Der{A/I) 
can be extended to the "vector field" X ^ D. 

For a given distribution D, let us denote by Ad the subalgebra of the algebra 
A defined as 

Ad = {a e A \ X{a) = 0, ^ X e D } 

In the classical geometric situation, if D is ivolutive and regular distribution 
on some smooth manifold M, the algebra Ad coincides with the subalgebra of 
the smooth functions on M, constants along the leaves of the foliation, defined 
by the distribution D. In some "good" cases, when the quotient space of the 
manifold M, by the integral submanifolds of the distribution £) is a smooth 
manifold, the subalgebra Ad is, in fact, the algebra of smooth functions on this 
quotient manifold. In such situations, the algebra Ai is a quotient manifold 
algebra in the sense of the noncommutative definition (see Definition 

Let L be a Lie algebra and a module over a commutative algebra A, satisfying 
the condition ^. Let Lq be a Lie subalgebra of the Lie algebra L, and le Lq is also 
a submodule of the A-module L. In this situation, the quotient space F = L/Lq 
inherits an ^-module structure from L and there is a canonical connection for 
the pair {Lq, F = L/Lq), defined as 

Vjf(g(u)) = q{[X,u]) (8) 

for any X £ Lq and u £ L, where q is the natural quotient mapping, assigning to 
each u £ L, its equivalency class q{u) G L/Lq. This definition is correct, i.e., for 
any two elements ui,U2 G L, if q{ui) ~ q{u2) then Vx{q{ui)) = Vx('z(w2))- 
To check this, recall that by definition 

Vx{q{ui)) - Vx(<?K)) = q{[X ,Ui~U2]), 

and the latter is equal to 0, because: X, ui—U2 G Lq and Lq is a Lie subalgebra 
oiL. 

The mapping X Vx satisfies the conditions (cl), (c2) required for a 
connection (see Definition 
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for any a € A, we have 



^axiqiu)) = q{[aX,u]) = q{u{a)X + a[X,u\) = 
= q{a[X,u]) = aq([X,u]) = aV x{q{u)) 

and 

Vx{aq{u)) = Vx{q{au)) = q{[X,au]) = 

= q{X{a)u) + g(a[X,u]) = X(a)g(u) + aVxlsH) 

Now, let us give some kind of dual definition of the connection described above. 

Denote by 11^ (L, A) the space of A- valued 1-forms on the A-module L, i.e., 
each element a G Vt^{L, A) is a mapping a : L — > A, such that for any X ^ L 
and a G A we have that a{aX) — aa{X). 

For any Lie subalgebra Lq G L, which is also a submodule, let us denote by 
^l^{L,A,Lo) the submodule of the A-module ^^{L,A) consisting of the forms 
vanishing on the submodule Lq. 

Define a connection V, for the pair (io , ^^{L, A, Lo)) as follows: 
for any X € Lq and a £ ^^{L, A, Lq), let 

Vx(a) = Lxia) (9) 

where Lx : ^^{L, A) — > ^^{L, A) is the operator of Lie derivation: 

Lx = do ix + ix ° d. 

By definition of the space ri^(i, A, Lq); we have that for any a G ft^{L,A,LQ) 
and X G Lq: ix{ct) = 0. Therefore, the formula^ can be simplified as 

Vx(a) = (ixod)(a) (10) 

Lemma 5 for any X G Lq, the subspace fl^{L, A, Lq) in the space fl^(L,A) is 
invariant under the action of the operator Vx . 

Proof. For a G il^{L, A, Lq) and X,Y E Lq, we have 

(Vx(a))(r) = {{^xod){a))iY) = (da)(X,r) = 
= Xa{Y) - Ya{X) - a{[X,Y]) =0. 

□ 
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Lemma 6 The connection V for the pair {Lq, fl^{L, A, Lq)) is flat 

Proof. For any X,Y G Lq, we have 

R{X,Y) = [Vx,Vy] - V[x,r] = [Lx,Ly] - L[x,y] = 

which follows from the well-known fact that the mapping X i—>- Lx is a Lie 
algebra homomorphism. □ 

To apply the construction described above to the classical geometric case, 
consider the case when L is the algebra of smooth vector fields on a smooth man- 
ifold M and Lq = D C V^{M) be any involutive distribution on the manifold 
M. If the distribution D is regular, then as it follows from the Probenius the- 
orem, it is integrable. The natural connection for the pair {D,fl\){M)), where 
r2^(M) denotes the space of 1-forms vanishing on the vector fields from D, is 
in fact, the well-known Bott connection for the foliation of the integral leaves 
of the distribution D. More precisely: 

let iV c M be an integral submanifold of the distribution D. Consider a fiber 
bundle 

tt:Ed — > N 

the fiber of which at a point x E N is the quotient space Tx{M)/Tx{N) (or, in 
the dual terminology: the subspace of the space T*(M) consisting of the 1-forms 
vanishing on the subspace Tx{M)). The connection for the pair {D,Sl]-,{M)) 

corresponds to some ordinary connection on the fiber bimdle tt : Eo > TV, 

which is known as the Bott connection on a leave of a foliation. A strict algebraic 
definition of this connection in the terms of noncommutative submanifolds will 
be given further. 

Let / C A be an ideal, invariant under the action of the Lie subalgebra 
Lq c L. That is, for any X G Lq and a G I, we have X{a) G L. Introduce the 
following two spaces: 

I ■ Lo = {kiUi-\ h knUn I ki, . . . ,kn € I, Ui, . . . ,Un € L} 

and 

I-n\L,A,Lo) = 

= { fcitti -I h fc„a„ I ki, ... ,kn G I, ai, ... ,an G fl^{L,A,Lo) } 



Lemma 7 For any X G Lq, the suhmodule I • Q}{L,A,Lo) is invariant under 

the action of the covariant derivation \7 x 

Proof. For any X G Lq, a G I and a G A, Lq) we have the following 

Vx{aa) = ix{d{aa)) = 

= ix{{da)a + a{da)) = X{a)a + aVx{oi). 
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As the ideal / is invariant under the action of the Lie subalgebra Lq, we have 
that X{a) e /; a submodule ^^{L,A,Lo) is invariant under the Lie derivation, 
we have that Vx(a) & ^^{L, A, Lq). Consequently, we obtain that Vx(aa) G 
I-n\L,A,Lo). □ 

It is easy to check that the submodule I ■ Lq is a Lie ideal in the Lie algebra 
Lq, that is, for any a ^ I, u^v ^ Lq : [au, v] G Lq. As / • il^{L, A, Lq) is 
invariant under the action of the Lie algebra Lq, we can define the action of Lq 
on the quotient module 

n\L,A,LQ)/Ln'{L,A,LQ). 



Lemma 8 The action of the Lie subalgebra I ■ Lq C Lq on the quotient module 
n^{L,A,LQ)/Ln'^{L,A,LQ) is trivial. 

Proof. It is equivalent to the statement that any element of the Lie algebra I-Lq 
carries the elements of the space ^^{L, A, Lq) in the subspace / • il^{L, A, Lq). 

Consider a G I, u € Lq and a G il^{L, A, Lq). For these elements, we have 
the following 

V(ati)(a) = «(a«)(da) = aiu{da) = aV„(a) G I ■ n^{L, A, Lq). 

□ 

As the submodule /-Lq is a Lie algebra ideal in Lq, we have that the quotient 
module Lq/I ■ Lq is a Lie algebra and it follows from the Lemma |7| and ^, that 
the natural connection on the pair [LQ,il^{L, A, Lq)) induces a connection on 
the pair 

( Lq/I ■ Lq , 9}{L, A, LQ)/Ln\L, A, Lq)) 

In the case of the classical geometry, the subalgebra Lq corresponds to an invo- 
lutive distribution D on a smooth manifold M; / is an ideal of smooth functions 
on the manifold M, corresponding to some integral submanifold of the distri- 
bution D. The quotient Lie algebra Lq/I ■ Lq can be identified with the Lie 
algebra of the vector fields on the submanifold N] and the quotient module 
(i, A, Lq)/ LVi^ {L, A, Lq) — to the module of the sections of the fiber bundle 
tt-.Ed — > N. 

Now, we describe another algebraic model for the Bott connection on an 
integral submanifold. 

Let D C Der{A) be a distribution (i.e., a Lie subalgebra) and / be an ideal 
in the algebra A, such that the quotient algebra A/ 1 is an integral submanifold 
algebra for the distribution D. As it follows from the definition of the noncom- 
mutative integral submanifold (see Definition |l^), we have the following short 
exact sequence 

— > Di D ^ Der{A/I) — > (11) 
where Dj is the subalgebra of the Lie algebra D, that can be described as 

Di = {XeD I X{A) C / } 
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Let rt]~,{A) be the submodule of the module ^^(^4) consisting of the 1-forms 
vanishing on the vector fields from the distribution D. As it follows from our 
previous discussion, there is a natural connection for the pair {D, fl]-,{A)). Let 
us give an algebraic description of the Bott connection on an integral submani- 
fold of a distribution. 

Let fl^{A,I) be the submodule of Q,^{A), consisting of such forms a, that 
for any X e Der{A) : a{X) G /. 

Remark 1 In the sense of the classical geometry, the space il^(A,I) corre- 
sponds to the submodule of the forms vanishing on the submanifold constrained 
by the ideal I. 

Denote by T{D,I) the quotient module D Cl'^ {A, I)) . 

For each U € D/Dj = Der{A/I) define an operator 

Vu ■■ r{D,i) r{D,i) 

as 

Vc/(g'2(Q!)) = q2{Lx{a)) 
where u = qi {x) and the mappings 

qi : D ^ D/Di 

92 : nUA) n],{A)/{nUA)nn\A,i)) 

are the canonical projection mappings. 

Proposition 2 The correspondence U Vu is a connection for the pair 
{Der{A/I),T{D,I)). 

Proof. It is sufficient to check that the definition of the operator V^f is correct. 
For this, we should check that for any V ^ Dj and a G ^l]j{A) : Ly(a) G 
fl^{A,I). By definition, we have that for any element X G Der{A) 

{Lvia)){X) = {{ivod){a)){X) = 

= Va(X) - Xa{V) - a{[V,X]) 

From the definition of the Lie ideal Dj follows that Va{X) G /. 
From the definition of n]~){A), follows that a{V) = 0. 

To show that a([y, X]) G /, recall that the form a can be represented as a = 
^a,d6, where ai,bi G A. Therefore 

i 

a{[V,X]) = V{j:aiX{bi)) - Xa{V) = 

i 

= Vij:aa{bi)) e I 

i 

which follows from the fact that a{V) = and V G Dj. □ 

Definition 12 The connection for the pair {Der{A/I) , r{D,I)) is called the 
Bott connection for the integral manifold constrained by the ideal I. 
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3 Lie Superalgebra Structures on the Space of 
Mult iderivat ions 



3.1 Compositional Product and Supercommutator 

Let y be a vector space over the field of real or complex numbers. For each 
integer > let us denote by L''{V) the space of multilinear antisymmetric 
mappings from V'' into V. We also set that 

oo 

L"{V) = V and L{V) = ^L''{V) 

k=0 

There is a natural associative algebra structure on the space L^{V), defined by 
the composition of the elements as linear operators, and a natural Lie algebra 
structure induced by the above associative algebra structure, where the Lie 
bracket is the ordinary commutator of two linear operators: 

[a, /3] = ao f3 — (3 o a 

for all a,/3 GLi(y). 

The multiplication operation (composition) on the space L^{V) can be ex- 
tended to the space L{V) and the resulted operator is called the compositional 
product (see [Q): for a e L™(t/) and [3 e L"(F) the compositional product 
ao/3 e L"+"-i(F) is 

(a o /3)(ai, . . . , am+„_i) = 

= Esgn(s)a(/3( 0^(1), . . . ,as(„) ), as[n+i): ■ ■ ■ ,as{rn+n-i)) 

s ^ ' ^ ' 

s(l)<---<s(n) s(n+l)<---<s(m+n-l) 

where ai, . . . ,am+n~i are elements of the vector space V and sgn(s) is the 
signature of the permutation s. 

As a result, the commutator existing on the space L^{V) can be extended 
to the operation on the space L{V), called a supercommutator: 

[a,P]^ (-!)("+!)" a 0/3 + (-l)"/3oa (13) 

This operation (bracket) satisfies the following conditions, which makes the 
space L{a) a Lie superalgebra: for a e i™(l/), j3 e L"(T^) and 7 e L^{V) 

(si) [a,/?] = (-l)™"[/3,a]; 

(s2) (-1)'"'^[ [a , /?] , 7] + (-l)""[[/3, 7] , «] + [7, a] , /3] = 

An element ^ G L'^i^) satisfying the condition = 0, we call an involutive 

element. Such element defines a Lie algebra structure on the vector space V ^ 
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via the commutator 

[a, b]f, = ^{a, b) 

for a,b ^ V. Notice, that the Jacoby identity for the commutator [•, -l^t is 
equivalent to the condition ~ 0. Any involutive element jj. € L'^iV) 

defines a linear opeator 

: LiV) — . L{V) 

as 

df,{a) = [m, a] 

for any a G L{V). The degree of this operator is equal to +1, that is 

d^{L'^{V)) C L'^+\V) 

for any integer A; > 0. 

From the condition (s2) for the commutator [ • , • ] and the fact that the ele- 
ment fj, € Li^iV) is involutive, easily follows that the operator 9^ is a coboundary 
operator: dp, o 9^ = 0. 

3.2 Supercommutator on the Space of Multiderivations 

Now, let V — Ahe a. real or complex commutative algebra. In this case, the 
space is endowed with a structure of exterior algebra under the multiplication 
operation defined by the classical formula. For a G and (5 G L"(A) we 

have that 

(a A . . . ,Mm+„) = 

(14) 

= S sgn(s)Q!(us(i), • . ■ , Us(„))/3(us(„+i), . . . , Us(m+„)) 

s 

where {ui, . . . , Um+n} C A. 

Definition 13 an element a G L{A) is said to be a multiderivation if for any 
set of elements {a, ai, . . . , afe} C A we have that 

a{aai,a2, . . . ,ak) = aa{ai, . . . , Ok) + aia(a, a2, . . . , flfc) 

For any integer k > Q the subspace of all multiderivations in the space L''{A) we 

oo 

denote by Der^{A). Also, we set thatDer°{A) = A and Der{A) = QiDer''{A). 

k 

The subspace Der{A) in the space L{A) is closed as under the operation of the 
exterior multiplication defined by the formula so under the supercommutator 
defined by the formula Moreover, these two structures arc interconnected 
via the following property 

[a,Pj] = [a,/3]A7 + /? A [a , 7] (15) 

for any a G Der"^{A) , (3 G Der"(^) and 7 G Der{A). 
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In the classical case, when A = C°°{M), the supercommutator [• , •] on the 
space Der{A) is called the Schouten bracket. 

For any integer fc > consider A''Der^{A) which is the subspace of the 
space Der'^{A), consisting of the linear combinations of the elements of the 
type Vi A ■ ■ ■ Avk, {vi, . . . , Vk} C Der^{A). The space 

oo 

ADer\A) =^A''Der\A) 

fe=0 

is a subalgebra in the exterior algebra Der{A) and also is closed under the super- 
commutator. The explicit formula for the restriction of the supercommutator 
on the subspace ADer^ (A) is the following: 

[ui A . . . A Um , Vi A . . . A Vn] = 

= T,{-l)'"+'+^~'^[ui ,Vj]AuiA---AUiA---A UmA (1^) 
Avi A ■ ■ ■ AVj A ■ ■ ■ AVn 
where ui, . . . , Um and vi,. . . ,Vn are the elements of the space Der^{A). 

3.3 Poisson Structure. Poisson Cohomologies 

As it was mentioned early, an involutive element P € Li'^{A) defines a commu- 
tator [■ , - jp : A X A — > A. In the case when P e Der^{A), this commutator 
is a biderivation. That is: for any o, b and c e ^, we have 

[a,b-c] = b ■ [a , c] + [a , b] ■ c 



Definition 14 A Poisson algebra is a real or complex vector space A, with two 
operations 

(a, 6) I— > ab and (a, b) i— > {a, b} 
satisfying the following three conditions: 

(pi) the operation (multiplication) (a, 6) i-^ ab makes A an associative alge- 
bra; 

(p2) the operation (bracket) {a, b) {a, b} makes A a Lie algebra; 

(p3) these two operations are related via the Leibnitz rule: 
{a,b-c} = b ■ {a , c} + {a , b} ■ c 
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So, it can be stated that, an involutive element P G Der'^(A) defines a Poisson 
algebra structure on the commutative algebra A: 

{a,b}p = P{a,b) 

As the subspace Der{A) C L{A) is closed under the supercommutator, it 
will be invariant under the action of the coboundary operator dp. Therefore, 
we have the subcomplex (Der{A) , dp) of the complex {L{A) , dp). 

From the condition |l5|, for the commutator [ • , • ] on the exterior algebra 
Der{A), follows that the operator dp : Der{A) — > Der{A) is an antidifferen- 
tial, that is: for any u g Der"^{A) and v G Der^{A) 

dp{uAv) = dp{u)Av + {-l)"'uAdp{v) 

Therefore, the exterior algebra structure on the space Der{A), induces an exte- 
rior algebra structure on the cohomologies of the complex {Der{A) , dp). 

The cohomology algebra of the complex {Der{A) , dp), is said to be the 
cohmologies of the Poisson structure {A, P) or simply, the Poisson cohomologies. 

3.4 External Differential as a Supercommutator 

For a real or complex vector space V, let us denote by End(V^) the space of 
linear endomorphisms of the space V. If is a module over the commutative 
algebra A, we denote by End^(V^) the space oi A - modular endomorphisms of 
the space V. It is clear that End^(V") C End(I/^). For any element a € A, the 
operator of the multiplication on the element a (v ^ a ■ v), we denote by a. 

An element (f> G End(V^) is said to be a first order differential operator on 
the A- module V, if for any a € A we have that [(/),a] G F,ndA{V). The space 
of first order differential operators on the A-module V we denote by Diff^(F) 
(see (55)). The space is an A-module. 

It is clear that for the commutative algebra A, the mapping a 1— > a gives an 
isomorphism A ^ End^(j4). 

Lemma 9 The module Diff^{V) is canonically isomorphic to the module Der^{A)(B 
A. 

Proof. Any element </> G Diff"'^(j4) can be represented as 

0= (0-<Kl)) + 0(l) 

As it follows from the definition of a first order differential operator, for any 
a G A, the operator [(/),a] is an element of the space EndA(^)- Therefore, for 
any b € A, we have 

[0,a](6)=6[^,a](l) 
expanding the last equality, we obtain 

(j){ab) + ab(j){l) = acf){b) + (t){a)b 



24 



subtracting from the last equality the term 2 • (/)(l)a6, we easily obtain the 
equality 

(0 - 0(l))(a6) ^a-{4>- mm + (0 - 0(l))(a) • h 

which means that the operator — 0(1) : A — > A is a derivation. □ 

The superalgebra structure defined at the beginning of this section, on the 
space L{y), where is a real or complex vector space can be considered in 
the case when V = Diff^A). The space Diff^(yl) is equipped with the natural 
structure of a Lie algebra defined by the commutator: [u^v] = u o v — v o 
u, for w, u G Diffi(A), which means that, there exists an involutive element 
/z G L^(Diff^(yl)), such that [u,v] = ii{u,v). The element /z, itself, defines the 
coboundary operator 

^ [fi,-] : L{BiS\A)) ^ L{BiS\A)) 

So, we can talk about the differential complex (L(Diff^(A)) , 9^^)- 

For each integer n > 1, let L"'(Diff^(yl)) be the subspace of the space 
L"(Diff^(yl)), consisting of the mappings 

w : DiS\A) X ■ • • X BiS\A) — > BiS\A) 



satisfying the following conditions: 

• the values of the mapping uj are in A (recall that the space Diff^(A) is 
isomorphic to (see Lemma ^ Der-^ {A)(3A); 

• Lo{ui, . . . , u„) = if at least one of the elements {ui, . . . , u„} C Diff^(A) 
is in A] 

• UJ is j4-multilinear mapping; i.e. 

uj{a-ui, . . . , u„) = a ■ Ll>{ui, . . . , u„) 

for any a £ A and any collection {ui, . . . , m„} C Diff^(A). 

Also, we set that Z"(Diff\A)) = A. 

It is easy to see that the space i"(Diff^ (A)) is the same as the space of deriva- 
tion based differential forms for the commutative algebra A: C^^^^^ (Z?er(A), A) 
(see Section ^a\ ) . 

Proposition 3 The subspace L{Dijf{A)) = ®n=o^"iD'^-lfi^)) *^ ^'^e space 
L{Dijf'{A)) is invariant under the action of the operator dji — [ji , ■] and the 
restriction of the operator dfj, on the subalgebra L{DifJ^{A)), coincides with the 



classical Koszul differential on the space of differential forms (see Section 2.1 ). 
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Proof. By definition of the compositional product and the corresponding su- 
percommutator (see Formula |l^ and Formula p^ ) we have the following 

[fl,Uj]{ui, . . . ,Un+l) = 

= (-1)" ■■■,U,,-- ■,Un+l),U,) + 

= Z](~1)'~M^("1; • ■ • ■ • ■ ,Un+l),Ui] + 

+ T,{-^T^'^^^{[ui,Uj], Ui,...,Ui,.. .,Uj, . . .,Un+l) = 
= J2i-^YuiUj{l^li ■ ■ ■ ,Ui,. . . ,Un+l) + 

= - ...,Ui,.. . ,U„+l) + 

+ Uj], Ul, ... ,U„+l) = 

= -{d,uj){{ui, . . . ,u„+i)) 

□ 

To summarize, we can state that generally, the subspace L(Diff^(A)) in the 
space L(Diff^(A)) is not closed under the operation of supercommutator, but it 
is invariant under the action of the operator [fi, •], where G L^(Diff^(A)) is the 
element, corresponding to the Lie algebra commutator in the space Diff^(yl). It 
can be defined an operation of external multiplication in the space Z(Diff^ (A)) = 
C^f^j^^{Der{A), A) by the formula [l^, after which, the operator d^i becomes the 

antiderivation of degree +1 on the algebra L(Diff^(A)). 

For simplicity, further we denote the space L(Diffi(A)) by h{A). 
Any element p e Der^ (A) defines the mapping 

p:A — > Der'^iA) 

as follows 

p{a){x) = p{a,x) 
which can be extended to the mapping 

p:h{A) — > Der{A) 

by the following formula 

p(a)(ai, . . . ,a„) (-l)"a(p(ai), . . . ,p(a„)) (17) 
where a £ 51" (A) and {ai, . . . , a„} C A. 



26 



As it was mentioned, the bracket 

{■,•}: ^ X ^ — > A, {a, b} = p{a, h) 

is a Lie algebra structure on A if and only if the element p is involutive ( [ p , p ] = 
0), because of the following equality 

i[p,p](a,6,c) = {{a,6},c} + {{6,c},a} + {{c,a},6} 
Furthermore, there is true the following 

Lemma 10 If the element p G Der'^{A) is involutive, the mapping 

p:A — >Der^{A) 
is a Lie algebra homomorphism. 

Proof. The proof easily follows from the following sequence of equalities 

p({a,6})(c) = {{a,b},c} = {a,{b,c}} - {b,{a,c}} = 

= {mm - mm)ic) 

□ 

The following theorem extends the above homomorphism to higher order 
elements 

Theorem 2 The mapping p : 0(A) — > Der{A) is a homomorphism of the 
differential complexes (0(A) , d) and [Der{A) , dp = \p, ■]). 

Proof. 

p{d^){ai,...,an+i) = 

= {-ir+\du){m). ■ ■ ■ ,m+i)) = 

= (-ir+'(Ei(-i)*"'p(aiV(p(«i), • • • ,m), ■ ■ ■ ,m+i))+ 

+ Ej<j(-l)'^-''^([p(ai):P(ai)]> • ■ • ^Pi^t), ■ ■ ■ ,p{a]), ■ ■ ■ ,p(an+i))) = 

= (-ir+'(Ei(-i)'"Mai,'^(p(ai), • • • ,m), ■ ■ ■ ,m+i))+ 

+ Ei<j(-l)'"^^'^([p(ai)>P(«j)]. • • • >P(ai)> • • • ,m)^ ■ ■ ■ 



27 



On the other hand we have: 
\p,p{oj)]{ai,...,an+i) = 

= Ei(-l)'"M(pM)(ai> • • • , Oi, • • • , a„+i), ai)+ 

+ J2i<ji-'^y'^^~^P{'^){piaz, aj), ...,ai,...,dj,... ,p(a„+i)) = 

= (-!)"+'( Ei(-l)*"Mai,w(p(«i), • • • ,^), ■ ■ ■ ,P{an+i)) )+ 

+ T,i<j{-'^Y^^~'^'^{\piai),p{aj)], ■ ■ ■ ,p{a.i), ■ ■ ■ ,p{aj), • • • ,p(a„+i))) 
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4 Schouten Bracket as the Deviation of the 
Coboundary Operator from the Leibnitz Rule 

4.1 An Invciriant Formula for Schouten Bracket 

The main result of the previous section is the fact that a supercommutator and 
a second order invohitivc clement on an external algebra, defines some cobound- 
ary operator on this algebra; and even the classical Koszul differential on 
the external algebra of differential forms can be represented as a su- 
percommutator with some second order element of some superalgcbra 
containing the algebra of differential forms. In this section, we consider some 
reversed situation: a coboundary operator on some external algebra 
induces a supercommutator on this algebra. 

Let E = 05^0 be a real or complex Z-graded external algebra with a 
multiplication operator denoted by A. That is: for a G Em and (3 G E^, we 
have that a A f3 € E„i+n and a A = (-1)™+"/3q!, where {m, n} C N. 

Let d : E — > E he a boundary operator; i.e., for any = 1, . . . , oo: 

d{Ek) c £fe-i and aoa = 0. 

The operator d is said to be an antidifferential if for any u € E^ and v € S„, 
satisfies the following condition 

d{uAv) = d{u)Av + {-l)'"uAd{v) 

For any boundary operator d on the external algebra E can be defined the 
bilinear mapping [■,■]: E x E — > E as 

[u,v] = d{u)Av + {-l)"^uAd{v) - d{uAv) (18) 

If the operator d is an antidifferential, then the commutator defined by this 
formula is trivial one: [u, v] = for any u,v € E. 

In any case, the question: is the commutator [•, •] a Lie superalgebra 
structure on the graded algebra E or not? is natural. To be so, recall that 
the following conditions must be hold: for any u G Em, v G E„ and w G Ek 

(sal) [u,v] = (-l)'""[t;,M] 

(sa2) [u, V Aw] = [u,v] Aw + A [u, w] 

(sa3) {-l)"'''[[u,v],w] + (-l)™"[[t;,u;],u] + (-l)"*[[w;, u], v] = 

The first of these three conditions is obviously always true. The condition (sa3) 
is also always true for the the first order elements and it can be easily seen that 
is equivalent to the equality 

{dod){x Ay Az) =0 
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for any {x,y,z} C Ei. This condition is equivalent to the bracket [x,y] = 
—d{x,y) be a Lie algebra structure on the space Ei. 

The condition (sa2) is equivalent to the following equality for the operator d: 

5(q; A /? A 7) = 

= 9(a A /3) A 7 + (-!)'"« A d{f3 A 7) + (-1)^™+!)"^ A d{a A 7)- (19) 

-{da A /3 A 7 + A 9/3 A 7 + A /3 A 97) 

It is easy to check that the condition (sa2) implies that the operator d, on the 
elements of the type uiA, . . . , Aun G En where ui, . . . , m„ are elements of the 
space El, has the following form: 

d{uiA, Ait„) = 

= J2t<j (-!)''+■' [u.,, Uj] A ui A • ■ • A il:, A • ■ • A Uj- A • ■ • A u„ 

and in this case, all of the above three conditions are true on the subalgebra 

Let L is a Lie algebra and a module over the commutative algebra A, which 
itself is a module over the Lie algebra L. That is: there is a Lie algebra ho- 
momorphism from the Lie algebra L to the Lie algebra of derivations of the 
algebra A, and these two structures are related via the following condition: for 
any x,y G L and a G A, we have [x, ay] = x{a) ■ y + a ■ [x,y]. 

For any integer n > 0, we denote by A\t"{L,A) the space of all skew- 
symmetric, multilinear (over the field of real or complex numbers) mappings 
from i" to A. Using the formula for the supercommutator on the space AL = 
Y^A'^L, we obtain that for any u G A^L, v G A"L and uj G Alt™+""\L, yl) 
the following equality is true 

w([u, v]) ^ uj{d{u)A v) + (-l)"w(u A d{v)) - u:{d{uAv)) 

or in other notations 
uj{[u,v]) = 

(20) 

= {-l)i^+^)^i^uj{d{u)) + {-l)"^iuuj{d{v)) - uj{d{uAv)) 

where, for a G PlW{L,A) and x G A'^i, under the expression ixOt, is denoted 
the element of the space Alt^^''(i, A) defined as 

{'i'xa){y) = oi{x A y) 

for any y G A^^^L. 
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Using the dual notations, the expression po| can be rewritten in the following 
form 

(21) 

= (-l)('"+i)"(9*z^,w)(w) + (-l)™(9*i„w)(w) - {d*uj){uA v) 

where: {d*a){x) = a{d{x)), for any a e Alt^^L^A) and x G A^L. 

By the definition of the classical external differential, we have that da = 
d*a + dia, where, for mi, . . . , Wp+i G L, the expression dia is defined as 

P+i 

(9ia)(Mi A ... A Up+i) = ^^(— l)*~"'"Uia(ui A ... A -ili A ... A Wp+i) 

i=l 

It is easy to verify, that 

(-i)("+')"(aiz„cc>)(u) + (-i)™(aii„t^)(«) - {dicj){u Av) = o 

Therefore, in the expression ^ we can replace the operator d* by the operator 
d, after which we obtain the following formula for the Schouten bracket: 



v]) — 

= {-l)iM+^)M{di^uj){u) + (-l)l"l(di„tj)(w) - {duj){u A v) 



(22) 



where \u\ denotes the order of the element u e Alt(i, A); i.e., if u is an element 
of the space Alt"(i, A), then \u\ — n. This formula can be considered as an 
invariant definition of the Schouten bracket in some cases, for example, in the 
case of covariant, skew-symmetric tensor fields on a smooth manifold. 

4.2 Star Operator for a Poisson Structure. Poisson Coho- 
mologies. 

As it was mentioned several times, an involutive element p E L A L, defines the 
operator of degree +1 

dp ^[p, ■] : AL — > AL 
which is a coboundary operator. The dual operator 

d; : A\t{L,A) — >A\t{L,A) 

defined as 

d*uj){x) ^uji[p,x] 

is a boundary operator (9* o d* = 0) of degree —1. Using the formula |2| we 
obtain the following expression for d*: 

(9>)(u) = {duj){pAu) - {dipuj){u) - (-l)l"l(di„Lo)(p) 
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or, in more brief notations 

{d;u;)iu) = {ipod-doip){uj){u) - (-l)l"l(di„w)(p) (23) 

For any integer n > 1, let Alt^{L, A) be the subspace of the space Alt"(^), 
consisting of the A-multihnear mappings. 

It is clear that the subalgebra Alt^(i,A) = ^ A\t^{L, A) of the algebra 

Alt{L,A) is not invariant under the action of the operator d*, because, for 
uj e Alt^(L, A), a G A, and x G A"!/, we have 

{d*uj){a ■ x) — a - x\) = -uj{p{a) /\x + a[p, x\) = 

= -((-l)l-l(*,c^)(p(a)) + a ■ luHp, x])) = 
= a-id;u)ix)-{-iy^K^.^)iPia)) 

To "correct" the operator d*, so that the algebra of differential forms Alt^(L, A) 
be invariant under its action, we remove the last term in the |2^. The result is 
exactly the boundary operator of the canonical complex for Poisson manifold, 
which is well-known in the case when L is the Lie algebra of vector fields on some 
Poisson manifold M , and A is the commutative algebra of smooth functions on 
M (see I): 

S : A\t'2iL,A) A\t'2~\L,A), S^ipod-doip (24) 
Consider the following bilinear mapping 

p : Alt:^ (L, A) X Alt:^(i, A) — > Alt^+"-'(i:, A) 

defined as 

p{a, 13) = ip{a A /3) - ipa A /3 - a A ip/3 (25) 
The Schouten bracket on the anticommutative graded algebra 

oc 

Alt^(i,A)-^Alt^(L,^) 

fc=0 

can be defined as 

[ a , ] = dpia, p) ~ p{da, p) - (-l)l"lp(a, d/3) (26) 

(see (H). 

Proposition 4 The bracket on Altj^{L, A) defined by the formula ^ coincides 
with the bracket [ • , ■ ]s which is the obstruction for the operator 6 to be 
an antiderivative. That is: for any a G AW^lL, A), and (3 G Altj^{L^ A), the 
following equality is true 

SaA(3+ (-l)''"a A {3 - 6{a A (3) = dp{a, (3) - p{da, (3) - (-l)Xa, d(3) 
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The proof of this proposition consists of a simple verifying of the equation 
keeping in mind the formulas 24 , ^ and |2^ . 

For any a G A, we the 1-form da e Alt^(L, A), as 



{da){X) = X{a) 

for any X ^ L. Consider the subalgebra of the algebra Alt^(L, A) generated by 
A and dA C A\t\{L,A). For simplicity, further, we shall identify this subspace 
with the entire space Alt j^{L, A). As it follows from the definition, this space 
consists of the elements of the type 

n 

^ Uq da[ A da2 

i=l 

The Poisson bracket on A defined by the involutive element p, as {a, b} = 
ip{da A db), for a,b € A, gives the same expression for the operator S, as in the 
case when A is the algebra of smooth functions on some Poisson manifold and 
L is the Lie algebra of the vector fields on the same manifold (see [||): 

(5(aodai A ... A a„) = 

n 

= E(-l)'+'{ao,aJdai Ada, Ada„+ (27) 

i=l 

+ J2 (-l)'+^aod{ai, Uj} A dai A ... A da, A ... A daj A ... A da„ 

By using of this formula, it is easy to verify that on Alt^(L,^) the condition 
p6| for S is true. Therefore, the bracket defined by ^ or by 

[a, P]^6aA(3+ A (5/3 - S{a A P) 

on Alt^(L, A) gives a Lie superalgebra structure^ which is the extension of the Lie 
algebra structure on the space Alt^(L, A). So, in the case when A = C°°{M) for 
some Poisson manifold M, and L is the Lie algebra of vector fields on the same 
manifold, we can state that the supercommutator of differential forms on M is 
the obstruction for the canonical boundary operator 5 to be an antidifferential. 

An element ^ = x Ay G L A L defines the mapping from A into L, a i— > ^(a), 
as _ 

C(a) = x{a) ■ y - y{a) ■ x 

It is clear that for each a € A, the expression ^(a) depends only on da € 
A\t\{L,A). This mapping can be extended linearly for any p G L A L. After 
that, for any p £ L A L we can define the mappings 

p: A\t'XiL,A) — >a'=L, /c = 0, ...,oo 
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as follows 

p{aadai A • • • A dak) = aop{ai) A • • • Ap{ak) 
For any fixed ui £ A\t^{L,A), define a series of mappings: 
* : Alt^(L, A) Altl-''{L,A) 

as 

★ (aodai A...Adafc) = oq (i-^^^^ o • • • o 

In the case when M is a symplectic manifold with a symplectic form a, the 
commutative algebra A is C°°(M), the second order element p is the bivector 
field corresponding to the form a, the Lie algebra L is the Lie algebra of vector 
fields on M, and uj = q;('^™*^)/2^ the operator ★ is the well-known analogue of 
the star operator on a Riemannian manifold (see |Q, [^). 

Proposition 5 Ifuj satisfies the following conditions diu = and daAuj ~ for 
each a ^ A then the equality -koS — (— l)'^rfo* is true on the algebra AUl\{L, A), 
if and only if (d o i~^^^)LU — 0. for any a £ A. 

Proof. On the space A\t\{L, A) we have the following equalities: 

{-k o S)iaodai) = ★({ao,ai}) ^ {ao,ai}-uj 

and 

(do*)(aodai) ^ d{ao i~^^^^uj) = dao A i-^^^^cj + ao di-^^^^cj 
Consequently: 

(★ o (5 + d o ★)(ao dfli) — 

= Wo, ai} • w + dao A + oq dj~(^^)W = 

= — i~, s (dan Alu) + an di~, , w = an di~, .to 

p(ai)^ " ' " P(a.i) ^ p{a.i) 

Therefore, on the space Ah,\ (L, A) the equality -ko6 = — d o ★ is true if and only 
if {d o )uj = for any a & A. 
To proof the equality 

i,oS = (-l)''d o * 

for every space Alt^(L, A), fc = 0, . . . , oo, the following well-known formula can 
be used 

{Lxoj){Xi,...,Xn) = 

= (ixduj + dixUj){Xi, . . . , X„) = 

= Xuj{Xi, ...,Xn) -E^iXi, ...,[X, X,], X„) 

i 

□ 

So, we can state that the operator ★ induces a homomorphism from the 
homology space Hi{L, A, S) of the complex (Alt^(L, A), S) into the cohomology 
space H^-'iL, A) of the complex (Alt^(L,^), d). 
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5 Differential Complex and Generalized Func- 
tions on Poisson Manifold 



5.1 Brief Overview of Geometric structures on Poisson 
Manifold 

Further we shall consider the case when the commutative algebra A is the al- 
gebra C°°{M) for some C°° class manifold M: the Lie algebra L is the Lie 
algebra of vector fields on the manifold M and therefore Alt^(L, ^4) is the ex- 
terior algebra of differential forms on M, denoted here by ri(M). An involutive 
element p G V^i^M), where V'^{M) is the space of the second-order covariant 
antisymmetric tensor fields on Af , defining a Poisson algebra structure on the 
space C°°{M) is called as a bivector field on the manifold M, correspondent to 
the Poisson structure. For the Poisson bracket of a pair of smooth functions on 
M, we use the common notation: {/, g}. 

In the case when the bivector field p is a non-degenerated covariant tensor 
field, it defines a second order differential form lu on the manifold M , which is 
non-degenerated and the condition [p , p] = is equivalent to duj — 0. In this 
case, the differential form lo is called the symplectic form and the pair (Af, lu) 
is said to be a symplectic manifold. A vector field X 6 V^{M) is said to be 
symplectic, if Lx(j-u) — 0. For a symplectic manifold (M, lo), let us denote by 
V^{M)s the space of all symplectic vector fields on this manifold. From the 
following well-known equalty L[x,y] = [Lx, Ly], easily follows that the space 
V^{M)s is a Lie subalgebra in V^{M), though it is not a C°° (M)-submodule. 

In the case of a symplectic manifold, the mapping p : ri^(Af) — > V^{M), is 
an isomorphism, and its restriction on the subspace of the closed 1-forms, it gives 
an isomorphism to the space symplectic vector fields on M. This isomorphism 
allows us to carry the Lie algebra structure from V^{AI)s to the space Z^{M) 
— the space of closed one-form on the manifold A/. It is clear, that 

H\x,Y]^ = Lx{iY(^) = d((ix o 

which implies that B^{M) — the space of exact 1-forms on the manifold M is 
a Lie algebra ideal in Z^{M). Moreover: 

[Z^{M), Z\M)] CB\M) 

(see (H). 

Let us denote by V'^{M)h the subalgebra of the Hamiltonian vector fields on 
the manifold M. It is clear that V^{M)h C V^{M)s. From [Z^{M), Z^{M)] C 
B^{M) follows that 

[V\M)s, V\M)s\ cV'{M)h 

Let G is a Lie group that acts on the manifold M, so that for any g G G, the 
corresponding diffeomorphism g : M — > Af is a symplectic one: = w. In 

this case, the triple {M, lo, G) is said to be a symplectic G-space. If the action of 
the group G is transitive, then it is called the homogeneous symplectic G-space. 
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For a symplectic G-space (M, G), we have the canonical mapping a : 
g — > V^{M)s, which assigns to each element u of the Lie algebra of the Lie 
group G, the vector field a{u) corresponding to the one parameter group of 
diffeomorphisms exp(t • u). 

A symplectic G-space (A/, lu, G) is said to be strictly symplectic if for for 
any u & g : au <E V^{M)h- 

Let h : G°°{M) — > V'^{M) be the Hamiltonian mapping, which assigns to 
each smooth function / G C°°{M) the corresponding Hamiltonian vector field 
Xf. A mapping A : g — > C°°(M) is called the momentum map, \i ho \ — a. 

Let us consider the following exact sequence 

— > H°{M, R) C°°{M) V\M)s ^ H\M, R) — >0 

The canonical Lie algebra structure on the space H^{M) is trivial, and from 
[V'^{M)s, V'^{M)s\ C h(C^{M)), follows that the mapping 77 is a Lie algebra 
homomorphism. In the same manner, the mapping /i is a Lie algebra homo- 
morphism too. Therefore, it can be stated that the above exact sequence is 
an exact sequence of Lie algebra homomorphisms. A momentum map 
X : g — > C°°{M) exists iff Image((T) C h{C°°{M)), which is equivalent 
r]oa — 0. As the composition mapping 770(7 is a homomorphism of Lie algebras, 
and the Lie algebra H^{M) is commutative, we have that (77 o (j){[g,g]) — 0. 
Therefore, the mapping rj o a = 9 induces the quotient mapping 

e:g/[g,g]~^H\M) 

After this, it can be stated that, the necessary and sufRcient condition, for 
existence of the momentum mapping is the equality 9 — 0. This condition can 
be satisfied in the following three cases (see [p3[): 

Case 1: the Lie algebra g is semisimple {[g, g] — g)\ 

Case 2: if the differential form ld is exact: lj = da and the 1-form a is invariant 
under the action of the Lie group G: for any u ^ g, Lo-(«)Q^ = 0; in this 
case, we have an explicitly defined momentum mapping X{u) = —a{a(u)); 

Case 3: H^{M) - the first De Rham cohomology space of the manifold M, is 
trivial one. 

To investigate the question: is the momentum map 

X:g^ G^{M) 

a Lie algebra homomorphism or not? consider the following construction: 
let the manifold M be strictly symplectic (i.e, image(CT) C V^{M)h)- Consider 
the mapping m : M — > g* , defined as 

m{x){u) — X{u){x) 
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for X G M and u & g] and a bilinear mapping 

c: g X g ^ {M) 

defined as 

c(ui , U2) = m([Mi , U2]) - {m{ui) , m{u2)] 

The mapping c is obviously antisymmetric; the composition mapping /i o c is 
trivial and for any u,v,w G (7 we have that 

c{[u , v] , w) + c{[v , w] , u) + c{[w , u] , v) — 

The latter equality, together with the antisymmetricity is the condition for the 
mapping c, being a two-dimensional cocycle for the Lie algebra g, with values 
in the ring C°°(M). 

The momentum map A : g > C°°{M) is a Lie algebra homomorphism 
if and only if the above defined 2-dimensional cocycle c, is trivial 
(see (H). 

Now, let us return to the general situation, when the bivector field p on a 
Poisson manifold M, is not necessarily non-degenerated (i.e., the manifold M 
is not necessarily symplectic one). 

Let 77 be the differential system on M derived by the set of the vector fields 
of the type Xf = {/, •} for / G C°°{M)ln other words, for any point x G M, 
the subspace 7r(a;) C Tx{M)\s defined as 

^(x) = {w„gT,(M) \ (3{u^) = [a a I3){p{x)) : a,/?GT:(M)} 

The rank of a bivector field at any point a; G Af is defined as 

Rank(p) = 2fc <^ h^p{x) ^ and a'=+^ p{x) = 

For any function / G C°°(A/), let 

{$f hGR} 

be the one-parameter group of diffeomorphisms of the manifold M, correspond- 
ing to the vector field Xf = { / , •}. 

For any two functions g,h G C°°{M) and a point x G M, consider the 
function : R — > R defined as 

A,(t) = {{g o $/, o ${} - {g, h} o ${) (x) 

As $f , i G R is a one-parameter group of diffeomorphisms corresponding to 
some vector field, the element is the identical mapping. Therefore, we have 
that Xx{0) — 0. Also, it is clear that 

Ut) = {{Xf{g),h} + {g,Xf{h)}~ Xf{{ g,h})) (${ (x)) 

which is equivalent to 

Ut) = ({{/, 9}, h} + {g, {/, h}} ~ {/, {g , h\) (${ (x)) 
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Take into consideration the Jacoby identity for the Poisson bracket { • , •}, the 
last equality implies that Xx{t) = for any x £ M. Hence, we obtain that 

{go$f,/io${} = {g,h}o<^>{ 

which is equivalent to 

(d(go$f) Ad(/io$f))(p) o {^{)-^ = {dgAdh){p) 

The last equality implies that the bivector field p is invariant under the action 
of the one-parameter group $f for every smooth function / S C°°{M). 
It is natural to ask: is the differential system tt integrable or not? 

Note that tt is an involutive differential system: 

[X, Y]=J:{ipdf^,i^^}■{9^,■}-M9^.^^}{f^,■}) + 

i 

+ E Vii'i { { , 5i } , • } e 71" 

i 

Moreover, the following theorem gives the exact condition for any bivector field 
p, the corresponding differential system be involutive: 

Theorem 3 The differential system tt corresponding to a bivector field p is 
involutive if and only if 

[p , p]{x) G Tr{x) A Tr{x) A 7r(x) 

for every point a; £ M. 

Proof. For proof, the following formula is useful: for a; e rP{AI), a,P il^{M) 
and X,Y e V^{M) 

iujAaAf3){X AY) = 

= w{X) ■ {a A P){Y) + u{Y) ■ {a A l3){X)- (28) 

-Lu{X{a),Ym+u;{X{p),Y{a)) 

Where X and Y are the mappings from il^{M) to V^{M) defined by the for- 
mula O. It is sufficient to verify this formula in the case when uj = ip A ip, for 
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any </?, V' G ft^{M). In this case we have the following: 

A A a A P){X AY) = {if A iP){X) ■ {a A /3)(r)+ 
+ {ip A a){X) ■ i/3 A + A /3)(X) • A a){Y) + 

+ {^P A a){X) ■ {ifi A /3){Y) + (V- A p){X) ■ {a A ip)iY)+ 
+ (aA/3)(X).(^AV)(r) = 
= uj{X) ■ {a A f3){Y) + uj{Y) ■ {a A f3){X)- 
-Lo{Xia),Y{p))+L,{X{p),Y{a)) 

The statement of the theorem, translated on the language of a local coordinate 
system {xi, . . . , Xn} is the following: for each i, j G {!,..., n} the vector field 
[p{dxi) , p(dxj) ] takes its values in the differential system tt; which is the same 
as, that a(\p{dxi) , p{dxj) ]) = for each a G (tt)^ C f2^(M). 
Using the formula ^for the Schouten bracket, we obtain: 

(do- A dxi A dxj) [p A p) = 

= (2do-)(p) • {dxi A dxj){p) - (cr A dxi A dxj){[p,p]) 



By using of the formula 28 , we obtain: 



[da A dxi A dxj) {p Ap) = 

= (2dcr)(p) • {dx,Adxj){p) - {2(T){p{dx^),p{dXj)) 

and finally, we have the following: 

(cr A dxi A dxj){[p,p]) = -{2a){p{dxi),p{dxj)) 

take into consideration the fact that a e (tt)-'-, the last equality ends the proof 
of the theorem. □ 

If the rank of a differential system tt (or, which is the same, the rank of the 
tensor field p) is constant, then its integrability follows from the Frobenius's 
classical theorem; but generally, the differential system vr, is not of a constant 
rank. Recall, that as it follows from the Hermann's theorem, the necessary and 
sufficient condition for the integrability of a differential system is the conser- 
vation of the rank of the system along the integral paths of this system. This 
condition is satisfied for the differential system tt, and it follows from the fact 
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that the bivcctor field p is invariant under the action of onc-parametcr group 
of the Hamiltonian vector field corresponding to any smooth function on the 
manifold. 

An integral leaf of the differential system tt is called a symplectic leaf of 
Poisson structure p. 

The restriction of the Poisson structure p on any integral leaf of the differen- 
tial system TT is non-singular because the rank of this restriction coincides with 
the dimension of the leaf; hence, such restriction induces a symplectic structure 
on this leaf. 

Let us denote the symplectic form on a symplectic leaf A'^ corresponding to 
the restriction of the Poisson structure on this leaf by con- For x £ N, u G 
Tx{N), and v G Tx{N) we have that uin{u,v) = {f,g}{x), where / and g are 
such fimctions on the manifold M that u = { f , ■ }{x), and v = {g , ■ }{x). 

One of the indicators of the singularity of a Poisson structure is the existence 
of such non-constant smooth function on M, which commutes with all smooth 
functions on M, i.e. the center of the Lie algebra of smooth functions, docs 
not coincide to the set of the constant functions. The elements of the center 
Z{M) are referred as Casimir functions. From the singularity of the Poisson 
structure p does not follow the existence of a non-constant Casimir function. For 
instance, if one of the symplectic leaves of the Poisson structure is everywhere 
dense in the manifold M then a Casimir function can be only constant function. 
To illustrate this more explicitly, consider the following 

Example 1 let M he a two-dimensional symplectic manifold and p he the cor- 
responding non-singular bivector field on M. Let ip he a non- constant smooth 
function on M. The hivector field pi = tp ■ p , is involutive as well as p. If 
the set (p~^{0) is not empty, the Poisson structure defined hy pi, is singular at 
the points of the set ip~^{0), which follows from the relation between the bracket 
{ • , • }i defined by the bivector field p\ and the bracket { • , • } defined by the 
symplectic structure p 

{f , g}i = v>- {f , 9} 

for any f,g&C^{M). 

If a function f G C°° (M) is a Casimir function, then we have the following 

(<^.{/, ■} = 0) ^ ({/, -iL^^-.jo) = 0) (/ = const) 

If (f> is such function, that the set M \ ip~^{0) is everywhere dense set in the 
manifold M (for example, in the case when the set (p~^{0)} consists only one 
point xo ), then we have that the function f is constant on the manifold M. So, 
this is an example of the situation when a Poisson structure is singular, but 
Casimir function can he only constant. 

Further, we shall extend (in some sense) the definition of the Poisson bracket on 
distributions (generalized functions) on a smooth manifold, and be looking 
for Casimir functions in the set of distributions. 
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5.2 Brief Review of Distributions (Generalized Functions) 
on Smooth Manifold 

The theory of generaUzed functions is a common method which allows to ma- 
nipulate of divergent integrals and series, to differentiate non-smooth functions 
and perform several such kind of operations over various singular objects. In 
the following two sections, we use the language of the generalized functions to 
extend some algebraic notions common for regular Poisson manifolds to the case 
of singular ones. 

For a smooth manifold M, let Cq°(M) be the subalgebra of the algebra 
C°°(M), consisting of the functions with compact support. Any linear, con- 
tinuous functional on the space C^{M) we call a generalized function or 
distribution on the manifold M. The space of all generalized functions on the 
manifold M we denote further by I?(M). Using the classical notation, the value 
of a generalized function $ on a smooth function with compact support)^, we 
denote by ip). 

Let M be a n-dimensional oriented manifold with volume form vol S ri"(M). 
A function /, on the manifold M, is called a locally integrable function, if for 
any compact subset K of the manifold M the restriction of the function / on 
the subset K is integrable under the volume form vol. Such function, defines a 
functional [/] : C^{M) — > R via the action: for any y G C^{M) let 



This functional is evidently linear and smooth and subsequently is a generalized 
function. If we denote by F{M) the space of locally integrable functions on the 
manifold M, it can be stated that there is a mapping F{M) — > 'D{M), f i— > [/]. 
If two functions /, g G F{M) differ only on a 0-measure subset of the manifold 
M, then we have that [/] = [g]; and inversely: for any two functions f,g G 
F(M), if [/] = [g], then they diff'er only on a 0-measure subset of the manifold 
M (or in other words: they are equal almost everywhere on the manifold M). 
The image of the space F{M) in V{M) is dense under the topology of weak 
convergency. Moreover, any generalized function on the manifold M is a weak 
limit of the sequence of smooth functions on the manifold M. 

Let us review some algebraic and differential operations over the space of 
generalized functions on the manifold M. These operations are in concordance 
with the analogical operations on the image of the space F(M), i.e., the mapping 
F{M) — > V{M) is a homomorphism under these operations. Here is the list 
of these operations: 

Addition: For any two generalized functions /, 5 £ 2?(M) and a smooth func- 
tion if e C^{M), let 

{f + 9, V>) = {f,V>) + {9, ^) 

Multiplication: It can be defined a multiplication of a generalized func- 
tion on a smooth function. For / e 2?(M), (j) e C°°(M) and e 




M 
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Co°°(M), let 

This operation makes the space 'D{M) a module over the algebra C°°{M). 

Differentiation: For any vector field X G V^{M), a generalized function 
/ e P(M) and a smooth function tp e C^{M), let 

This operation defines a connection for the pair (see Definition ||) 
{V\M) , V{M)). That is: 

for any / e P(M), ip e C°°{M) and X e V^{M), we have the following 
This equality follows from the following series of equalities 

= -{! ,p>-x{i,))^ 

^{f,X{^)-ij)-{f,X{p-i^)) = 

= {x{ip)- f,4,) + {x{f),ip-,p) = 

Let U be an open subset of the manifold M. Let C^{M,U) be the 
subspace of the space C^{M), consisting of the smooth functions (p G 
C§°{M) such that: (p = outside of some compact set K C U. The 
restriction of a generalized function / G I?(Af ) on the open subset U G M 
is a functional 

flu ■■C^{M,U) 

which is the restriction of the functional / : C^{M) — > R to the subspace 
Co°°(M, U). 

Push-forward: Let N be another smooth manifold and 

F : M — > N 

be any smooth mapping. For any generalized function / G P(M), let 
P*if) (push-forward) be a generalized function on the manifold iV, defined 
as 

F,{f){ip) = f{ipoF) 
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for any G C^{M). 

Using this definition, we can define the right action of the group of diffeo- 
morphisms of the manifold M, on the space V{M): for any G G Diff(M) 
and / e V{M), let 

A generalized function / e V{M) is said to be equal to zero on an open 
subset U C A/, iff the restriction of / on the subset U equal to zero: f\u = 0. 
Let the open set C Af be the union of all open subset of M on which the 
generalized function / equal to zero. The complement of the subset V: M \ V, 
is called the support of the generalized function /, and is denoted by supp(/). 

Let a commutative algebra A is equal to the algebra of smooth functions on 
the manifold M, and P — r(7r) be a module of smooth sections of some vector 
bundle over the manifold M. In this case, the vector space (fiber) tt~^{x) for any 
point X G M is canonically isomorphic to the quotient module = P/{Ix • P), 
where Ix is a module in the algebra A, consisting of the functions equals to 0, in 
the point x; and Ix-P denotes the submodule of the module P, generated by the 
elements of the type (p ■ s, if d Ix , s E T . Via this isomorphism, the evaluation 
mapping P 3 s ^ s{x) G tt~^{x), corresponds to the natural quotient mapping 
Qx : P — > Px- It is clear that if for some element s G P, qx{s) = 0, Vx G M, 
then the element s equal to zero. In general algebraic situation, when P is any 
module over the algebra A = C°°{M), it can happen that for some element 
s G P, we have that qx{s) = for all points x G M but the element s is not 
equal to 0. Such type of A-module, cannot be realized as a module of sections 
of some vector bundle. They are some kind of non-geometric modules. Now, 
let us give more strict description of this situation. 

A family of elements {pi | i G /} C P is called a generated family for the 
A-module P, if any element of P can be represented (possibly in more that one 

manner) as a sum ^ OiPi, with G A, where only a finite number of terms 

iei 

in the sum are different from zero. The family {pi | i G /} is called free if it is 
made of linearly (over the algebra A) independent elements, and it is a basis 
for the module P if it is a free generating family; that is: any s £ P can 
be represented uniquely as a linear combination ^ aiPi. The module P is 

called free if it admits a basis; and is said to be of finite type if it is finitely 
generated, i.e., if it admits a generating family with finite number of elements 
(see II). 



Definition 15 (see |38|) A module over the algebra A is said to be projective 



if it satisfies the following three equivalent properties: 

(prl) For any epimorphism (j) : Pi — > P2 of A- modules, any homomorphism 
f : P — > P2 can be lifted to a homomorphism 

/ : P — Pi 

such that (j) o f = f; 
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(pr2) Every epimorphism f : Pi — > P can be split; i.e., there exists a homo- 
morphism s : P — *■ Pi such that f o s — Idp; 

(pr3) The module P is a direct summand of some free module; i.e., there exist 
a free module T and a module P' , such that T = P (B P' . 

The following central statement, provides the criteria for module over the al- 
gebra of smooth functions on a smooth manifold to be a module of sections of 
some vector bundle over this manifold (see |5^, @). 

Proposition 6 Let M be a compact finite dimensional manifold. A C°°{M)- 
module P is isomorphic to a module of smooth sections of some vector bundle 
over the manifold M , if and only if P is a finite projective module. 

For any point x G M , let 5x G T>{M) be so-called Dirac function; i.e., it is 
a linear functional Sx '■ C^{M) — > R defined as 

Sxiip) = ifiix) 

for any (p G C°°{M). By definition, its derivation is 

SU^) = ~6xi^') = ~^'{x) 

Lemma 11 For any point u G M , we have that qu{5x) — 0, where 

qu : V{M) V{M)/{lu ■ V{M)) 

is the quotient mapping and lu is an ideal in the algebra C°°{M) consisting of 
the functions equal to at the point u. 

Proof. We have to prove that for any point u G M, there exists such generalized 
function rj G 2?(M) and a smooth function (j) G 1^ that: 6x = (f> ■ rj. 
Consider two cases: u ^ x and u = x. 

u 7^ X : In this case, the function (j), can be any smooth function such that: 
= and 4){x) = 1. It is clear that (p E lu- Let us check that the 
equality, Sx = 4> ■ Sx is true: 
for any ip G C^{M), we have 

(0 • Sxm = Sx{cf> ■ V') = {cjy ■ ^P){x) = <jy{x) ■ ^{x) = = SxW 

therefore, we obtain that when u ^ x, Sx E In, which is equivalent to 
q^{Sx) = in the quotient module V(M)/(Iu ■ V{M)). 

u = X : In this case, we have that: Sx = —0 • S'x, where the function cj) is any 
smooth function such that (/)(a;) = and (j)'{x) = 1: 
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for any ^ G Cq'{M), we have the following 

= {cl> ■ i,)'{x) = (l>'{x) ■ ij{x) + cPix) ■ ij'{x) = i,{x) = 5^{iP) 

therefore, the Dhae function is the element of the submodule Ix • T>(M), 
or equivalently ^^('^x) = 0, which finishes the proof. 

□ 

It follows from this lemma that, for any x G M, the generalized function 5x 
is such that qu{5x) = 0, but the functional 5x obviously is not equal to zero. 
This fact implies that the C°° (M)-module 'D{M) is not geometric. 

5.3 Poisson Bracket on Generalized Functions and Gen- 
eralized CEisimir Functions 

Let M be a Poisson manifold. The action of the vector fields on the manifold 

M on the elements of the space ViM), defines the Poisson bracket of a smooth 
function / and a generalized function <i> as: 

{/,$}=X/($) 

whc^re Xj is the Hamiltonian vector field corresponding to the function /. The 
following more detailed definition can be used too: for any i> G X'(M), / G 
C°°{M) and ip G Cg={M) let 

({/,$}, V) = (^/($),t^) = 

(29) 

= -($,X/(V')) = ($,{V',/}) 



Hence, it can be stated that we have a connection for the pair (C°° , I?(M)), 
that is: for any f,gG C°°{M) and $ G V{M) 

{/,.9-'i>} = {/,.9}-$ + .9-{/, 

which easily follows from the corresponding property for the action of vector 
fields on generalized function. 

If we define { , / } as — { / , } and consider the following operator <f> = 
{$,•}: C°°(M) — > V{M), for any fixed $ G V{M), it turns out that $ is a 
first-order differential operator, with property 

= </>$(,/>)+ V;$(</-) 
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The above equality easily follows from 



{0^, ■} = (/>{ V-, + •} 

Now, when we have already defined the Poisson bracket of a generalized func- 
tionand a smooth function on a Poisson manifold M, it can be stated that, if 
the Poisson structure on the manifold M is such that it is singular but its cen- 
ter coincides with the set of constant functions on M, then it has non-constant 
center in the space of generalized function, on the manifold M . That is, there 
can be found such generalized function^ G P(Af), that {$,?/;} = 0, for every 

e C°° (M). 

In the situation described in the Example |l|, the distributions commuting 
with every smooth function are the Dirac functionals 5a for a G <p~^(0). In this 
case, for any / e C°° [M) and ip G C^(M), we have the following 

({'5a,/}l,^') = ('5a,{/,^}l) = 

= (5a,^{/, V})=^(a){/, V'}(a) = 

Now, we shall describe some general construction to build the distributions 
"commuting" with all smooth functions on the Poisson manifold M . 

Let be a symplectic manifold, i.e., the involutive bivector field corre- 
spondent to the Poisson structure on this manifold is non-degenerated. It is 
the same that the Poisson bracket is defined by some symplectic form uj as 
{ / I 5 } = "-^(^/i ^3)1 for fi9^ C°° {M), where Xf and Xg are the Hamiltonian 
vector fields corresponding to the functions / and g: df — —ixfio, dg = —ixg(^- 

Let us recall the following formula for the Poisson bracket 

{/,g}-a;"-n.d.gAd/AL^"-i (30) 

where n = i • dim{M) and w" — cj A ■ — A . 

ri-times 

This formula is the result of the following 

d5Aw" = ^ 

^ ix,{dgM^")^{f,g}-u;"-dgAtx,iuJ^)=0 ^ 
^ {f,g}-L," = dg/\ix,{uj^) 

Let M be a smooth manifold with Poisson structure defined by a bivector field 
p G V'^{M) and iV be a symplectic leaf in the Poisson manifold M. That is, the 
submanifold N is integral for the distribution defined by the Hamiltonian vector 
fields and the restriction of the bivector field p, on the leaf N is non-degenerated. 
Therefore p| AT corresponds to some symplectic form on N which we denote under 
LOx- Suppose, for convenience, that the manifold M is compact (which implies 
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that C°° (M) = C^(M)) and the submanifold N is closed {ON = 0). Consider 
the following generalized function on the manifold M: 



,fc 



N 



where (p £ C°° (M) , k — ^ ■ dim(M) and (^|jv denotes the restriction of the 
function ip to the submanifold N. 

Proposition 7 For any ip E CF° {M), we have that { (5jv , (/j} = 

Proof. By definition of the Poisson bracket of a generalized function and a 
smooth function on a Poisson manifold we have that for any p,^ E C°° (M) 

N 

Take into consideration the fact that the Hamiltonian vector fields are tangent 



to the symplectic leaves, the formula 30 and the Stokes formula, we obtain the 
following: 

N N 

= n- / d?/; A d(y9 A uj^j^^ = n ■ / V' A di^ A uo)^^ = 

N dN 



□ 



5.4 The Canonical Comlex of a Poisson Manifold and Gen- 
eralized Casimir Functions 

For a Poisson manifold Af, with a bivector field p G V'^{M) such that { / , 5 } = 
ip{df A dg), Koszul introduced the differential 

S = ipod-doip : Vr(M) — > r2"-i(Af) 

(see Section [f.2| for the noncommutative foundation). 

Let us enumerate some properties of the operator 5 (seeQ). 

The following expression, reveals the relation between the operator 5 and 
the boundary operator for the Lie algebra homologies: 

^(/od/i A---Ad/fc) = 

= E (-l)'+U/o, /,}d/iA---Ad/,A---AdA + 

l<i<k (olj 

+ E (-l)^+Vod{/., /,}A---Ad/,A---Ad7;A---Ad/fc 

l<i<j<fc 
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If we denote the Chevalley-Eilenberg complex of the Lie algebra L = C°° (M), 
by C( L , L ) it can be stated that Ck{L , L) = L © (a'^L) and the differential 
6 : Ck{L , L) — > Cfe_i ( L , L) is given by the formula: 

= E (-l)'+U/o, /a® (/iA---A/,A---A/,) + 

i<i<fc 

+ E (-l)'+Vo® ({/^, /,}A---a7,A---a7, A---A/fe) 

l<i<j<k 

The series of linear mappings: iTn ■ Cn{L , L) — > il^{M), defined as 

7rn(/o (/i A ■ • ■ A A.)) = /o d/i A • • • A d/fc 

is a homomorphism of the differential complexes [ C{L , L) , S) and ( Q{AI) , S). 
That is, for any n — 0, . . . , oo, we have nn o S — 6 o 7r„+i. 
The differential complex 

• •• — > n"+\M) ^r{M) — > ■■■ 

is called the canonical complex of the Poisson manifold A/. The homology of 
this complex is denoted by i/*^^'^(Af) and called the canonical homology of 
the Poisson manifold ( M , {■ , • } ) . 

Using the formula [3l| it is easy to show that: do(5 + (5od = 0. 

If q; is a closed differential form on the manifold M, from the Koszul's defi- 
nition of of the operator S (see Formula ^) immediately follows that the form 
S{a) is an exact form. 

The bivector field p G V'^{M), corresponding to the Poisson structure on the 
manifold M, defines a bilinear pairing for any k ~ 1. . . . , oo 

a''{p) : a''(T*(M)) ® a''(T*(M)) — >C°° M 

by the formula: 

A''{p){a(g) 13) = (aA/3)( A^^p) 
This mapping is (— l)'^-symmetric. 

As in the case of a Riemannian manifold, it can be defined the -k operator in 
the case of symplectic manifold 

* : n''{M) — > n^"-''{M) 

by the formula 

/3A (*(a)) = A'^(p)(/3,a) • vol 
where 2n = dimM; a, /? e n''{M) and vol = ^ • w'". 
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Remark 2 The noncommutative definition of the ★ operator is given in the 
section ^ J . 

The operator * is involutive: o * = Id. 

Theorem 4 (see [^) The relation 6 = (— l)'^*o(io* holds on Q''{M) for any 
integer k > 0. 

Corollary 1 (see [^) For a symplectic manifold, the operator * defines an 
isomorphism of the canonical homology H^'^^{AI) with the de Rham cohomology 
H'^™'~*{M), where m is the dimension of this manifold. 

Let T)q{M) be the subspace of the space V{M) consisting of the generalized 
function commuting with every smooth function on the manifold M\ 
Hq{ M , S) he the space of the 0-dimensional homologies of the canonical com- 
plex of the Poisson manifold M; 

Tjcan^ M )* be the space of the linear functionals on the space _ffo^^( )• 

Proposition 8 The spaces VoiM) and Hq'^^{ M )* are isomorphic. 

Proof. As it follows from the definition of the Poisson bracket of a distribution 
and a smooth function, the space 'Dq{M) can be defined as 

Vo{M) = {^eV{M) I ($,{/, 5})- V/,V9eC~Af} 

In other words: Vo{M) = {C°° M, C°° M}^, where {C°° M, C°° M} de- 
notes the space of the sums of the type 



As it follows from the formula 31 for the canonical coboundary operator 

S : n{M) — > n{M) 
its action on the form ct — Yl V'dV' 6 il^{M) is 6{a) — J2{ , V' }• 

i i 

Therefore: 

d{n^M)) ={C°" M ,C°° M} 
But, by definition, we have that 

Ho{M,5) = C°° M/6{9}{M)) 
hence, we obtain that 6(p}(M))^ = Ho{M , S)*. □ 

Corollary 2 For a compact symplectic manifold M (i.e., the bivector field, 
corresponding to the Poisson bracket is non-degenerated), the .space T)q{M) is 
one- dimensional and the functional {Si^ , ip) — J ^ ■ w", where ip £ {M), uj 

M 

is a symplectic form and n = ^ ■ dim{M), is a basis of the space T>q{M). 
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Proof. As M is a symplectic manifold, then the mapping 

* : H^^'^iM) H^'^^iM) 

where iJ^™(M) is the 2TO-dimensional de Rham cohomology space of the man- 
ifold M, is isomorphism. As the manifold M is symplectic, it is an oriented 
manifold; that is: H'^"'{M) ^ R. □ 

Let iV be a symplectic leaf in the Poisson manifold M, and 

r : C°° (M) — > {N) 

be the restriction mapping. It is clear that Sn — where 

r* : V{N) > V{M) 

is the dual mapping, and wjv is the symplectic form on N induced by the 
restriction of the bivector field on the submanifold N . If the mapping r is an 
epimorphism, then 

Image(r*) = {In)^ 

where /^r is the ideal of the functions on M vanishing on the submanifold A'^, 
and (In)^ is its orthogonal subspace in the space T>{M). 

Proposition 9 If a symplectic leaf N in the Poisson manifold M is such that 

the restriction mapping r : (M) > (J^ (N) is an epimorphic, then the 

space (In)'^ H 'Do{M) is one- dimensional and the set {Sn } gives its basis. 

Proof. As the mapping r is a Poisson mapping (i.e., a homomorphism of 
the Poisson algebras), we have that: ip}) = {r{(p) , tp}, and therefore: 

((/jv)^ n T>o{M)) = VoiN), which is one-dimensional according to the 
corollary ||. □ 

5.5 Poisson Ideal and Reduction of Poisson Algebra. 

Let A be an associative Poisson algebra. That is: A is an associative real or 
complex algebra and a Lie algebra with a commutator { ■ , • } : A x A — > A, 
such that: 

{a , b ■ c} = b ■ {a , c} + {a , c} ■ b 

for all a,b,c G A. 

Definition 16 A subset I C A is called a Poisson ideal if I is a two-sided 
ideal under the multiplication operation in the associative algebra A and is a 
Lie algebra ideal in the Lie algebra A: 

( Vx e /, and VaeA) (a;-ae/, a-a;G/, {a;,a}G/) 

If / is a Poisson ideal in the Poisson algebra A, then the quotient space A/ 1 is 
a Poisson algebra too, and the canonical projection mapping q : A — > A// is a 
homomorphism of Poisson algebras: gja, 6} = {(?(a), 'z(&)}, for all a, 6 G A. 
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If a Poisson ideal / C ^ is such that the quotient algebra A/ 1 is a sub- 
manifold algebra, then the algebra A/ 1 can be considered a noncommutative 
analogue of a Poisson submanifold of a Poisson manifold. In this case, the ideal 
I will be called the Poisson submanifold ideal. 

Definition 17 A Poisson structure on a Poisson algebra A is said to be non- 
degenerated, iff the Poisson algebra A does not contain any Poisson submanifold 
ideal besides {0} and A itself. 

A Poisson submanifold ideal / in a Poisson algebra A, will be said to be maximal 
\i I ^ A and the Poisson submanifold ideal J', containing the ideal / is only A. 

Let A and B are associative algebras and / : A — > B be their homo- 
morphism. We call the homomorphism / the submanifold mapping^ if for any 
submanifold ideal I C B, the set f~^{I) is also a submanifold ideal in the 
algebra A. 

First of all, let us recall that, for any ideal I C B, the set f~^{I) is also 
an ideal in the algebra A\ and then, from the definition of a noncommutative 
submanifold, follows that if the homomorphism / : A — > B is a submani- 
fold mapping then for any such ideal I C B, that the following sequence of 
homomorphisms 

— > Deri{B)o — y Deri{B) — > Der{B/I) — > 

is short, the following sequence of homomorphisms 

Derf-.^i){A)o Derf-.(i){A) Der{A/ f-\l)) 

is also short. 

Lemma 12 If I c A is a submanifold ideal, then the canonical projection map- 
ping q : A — > A/ 1 is a submanifold mapping. 

Proof. Consider any submanifold ideal /' C A/ 1. It is clear, that the quotient 
algebra A/q^^{I') is canonically isomorphic to the quotient algebra Si/I' , where 
Si = A/I. So, we have the following two exact sequences 

— > Deri{A)o — > Deri{A) Der{A/I) — > 

and 

— > Derr{A/I)Q — > Derp{A/I) ^ Der{A/q-^{I)) — > 
In this situation, we have to prove that the mapping 

n : Z?er,-.(,,)(A) Der{A/q-\l)) 

is an epimorphism. 

Let us recall that the space Derp {A/ 1) is defined as the space of such derivations 
of the algebra A/ 1, which carries the ideal I' to itself. Therefore, the space 
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rf {Derji{A/I)) is a subspacc of Der{A), consisting of such derivatives of the 
algebra A, which carries the ideals / and q~^{I') to itself. It is clear that 
rf ^(2?er/'(j4/7)) is a subspace of Derg-i(^j,){A) and the mapping 

raori : r:[\Derr{A/I)) — > Der{A/q-^ (I)) 

which is an epimorphism, is equal to the restriction of the mapping rs to the 
subspace rj~^(_Der/'(v4//)). □ 

Theorem 5 (The reduction of Poisson algebra) If A is a Poisson algebra 
and I C A is a maximal Poisson submanifold ideal, then the quotient algebra 
Q = A/I is non-degenerated Poisson algebra. 

Proof. Let I' C A/ 1 be any Poisson submanifold ideal. As the canonical 

projection mapping q : A — > A/ 1 is a submanifold mapping and is an epimor- 
phism, we have that q~^{I') is a Poisson submanifold ideal in the algebra A and 
is not equal to A. As 7 is a maximal Poisson subamanifold ideal, we have that 
g-i(7') = 7, which implies that 7' = {0}. □ 

Example 2 Let M be a symplectic manifold and, X be any suhm,odule of the 
module V^{M). Let us denote by Cx{M), the subalgebra of the commAitative 
algebra C°°{M), consisting of such smooth functions f G C°^{M) that u{f ) = 
0, y u ^ X and by X-^, the submodule ofV^{M), consisting of such elements 
u e V^{M), that uj{u, X) = {0}, where w is the symplectic form on the manifold 
M. 

If the submodule X-^ is involutive (i.e., [X^ . X-^] = 0), then the algebra 
Cx{M) is a Poisson algebra (i.e., a Poisson subalgebra of C°°{M)). To check 
this, consider any two elements f,g& {M) . We have 

(Xif) = X{g) = 0)^{Lj{h{f),X) = uj{h{g),X) =0)^ 
^ {h{f)M9) & X^) ^ {[h{f),h{9)] = h{{f,g})&X^) 
^ {w{h{{f,g}),X) = {0}) ^ {X{{f,g}) = 0) ^ 
{f,gGC^{M)) 

In the case when the submodule X is generated by a symplectic action of some 
Lie group G, the submodule X-^ is involutive: 

u G X => LuU) = => diuto = 

xu}{u,y) — yw{u,x) — w{u,[x,y]) = 
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which implies that, ifx,y G X-^ then [x,y] G X^. Hence, we obtain that in the 
case of a symplectic action of some Lie group, the algebra of invariant functions 
under this group, is a Poisson subalgebra of C°° (M) . 

A Poisson ideal in the Poisson algebra C^{M) can he constructed by using 
of a function (if such function exists) tp € C^(M) such that X-^{(p) = {0}, as 
the ideal generated by the function ip. 
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